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The -hp- Calculator was developed in the Corporate ~hp- Laborator-

ies in conjunction with Loveland Division engineers. The Calculator

represents a combination of three basic ideas--a new type of memory
for storing constants or subroutines, a new set of algorithms or logic
used to define the set of trigometric functions, and a unique electron-
ic organization or logic.

This new type of memory is a read-only memory, abbreviated ROM,

and is used for storing the keyboard subroutines. The ROM gives us
a major competitive advantage because it enables us to store a large

number of information bits (32, 000) in a relatively small box and at a
much lower cost than could be done using conventional memory sys-

tems. A read -only memory constructed from diodes would require
about 10, 000 diodes, be in a separate box about the size of the Calcu-
lator, and increase the selling price by $2, 000 - $3, 000.

Reliability is also a feature of the -hp- read-only memory. It is an
entirely passive device; and once it has been tested at the factory, it
should last for the life of the instrument: There are no dicdes to fail
and no magnetic levels to change. This, of course, is quite a custo-
mer benefit. Until our competitors develop a similar type ROM, they
. will not be able to offer a calculator that will directly compete with the
9100A. Rather, our future competition may offer fewer keys but dif-
ferent key sets and allow their customers to choose the key set which
best fits their need.

It is very important for us to capitalize on our existing competitive
advantage. Olivetti and other firms which have not yet entered the cal-
culator field are working on more advanced models. Therefore, we
probably enjoy a greater competitive advantage at this time than we
ever will in the future; and it is very important for us to penetrate
those new calculator markets where the -hp- name is not well known.
It will never be easier!

We, of course, are also working on more advanced models as we feel
our objectives are far broader than the 9100A. Briefly stated, our ob-
Jective is to make and maintain ~hp- as a leading supplier of electron-
ic. calculators. Our immediate goal is to expand the peripheral equip-
ment such as printers, plotters and interface boxes for the existing
9100A Calculator. Beyond that, we are working on the design of the
calculators for the1970's. We would very much like to receive your
comments about what you would like to have to sell five years from now.
Or rather, what you think the marjket will need in five years.
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CENTER

Seventy percent of your calculator customers will be people who have

not previously talked with an -hp- field engineers. Of these, one-half
will work for companies -hp- has not called on. Two significant points
stand out with regard to our present customers:

We will not learn of their needs in the normal test instrument call.

In some cases this represents a substantial increase in the amount
of time required to visit the additional departments. For example,
at Chrysler we call on only 2 of the 28 engineering groups who might
buy calculators.

The fact that 35% of the customers are from companies or businesses
that we do not call on at all, further demonstrates the need for addi-
tional coverage.

As many as 20% of your customers will desire to lease rather than pur-
chase. The civil engineer usually always leases his equipment. You
should be familiar with the current -hp- lease plans.

The majority of people who now own calculators also have a service
contract. This appears to be a strong carry-over from the days of
mechanical calculators and could change as they realize that an elec-
tronic calculator is more reliable. Most service contracts are sold
for 6-7% of the cost of the equipment. Generally the customer expects
faster service on his calculator than on his test equipment. He may
have several voltmeters and so could get by without one,but he proba-
bly has only one calculator and depends on it. ’

Initially almost all sales will require a demonstration. A good demo
takes about 30 minutes followed by 15-20 minutes for customer ques-
tions and solving specific customer applications.

The degree of research and engineering as measured by both dollars
and number of people is a good indicator of how many calculators a firm
might buy.

The specifier in a company is usually appointed because of his back-
ground and experience rather than position. In some cases this may be
the computer center, accounting department or even the department
manager. Generally one individual is considered the authority on cal-
culators and most people are aware of who he is.

People from the computer center are not good contacts. There are
several characteristics which often show up.

They may be defensive about any device which will take work from
them. Even if they like it, they feel it should be in their area. ‘




Usually, they believe that larger computers are the best way to go.
Computer center personnel have a vested interest in pushing a trend
to buy larger computers rather than smaller.

They don’t appreciate or understand why we consider our calculator
easier to program; after all, everyone knows Fortran!

Most computer people feel that the large computer is available to
anyone who wants it and since the computer is a fixed expense, itis
more economical than a calculator. They don't like the idea of en-
gineers writing inefficient programs, maybe getting one-half way
through and then needing help. Of course, the engineers in their
labs don't share thesefeelings. Most engineers complain about long
turnaround times and programmers who don't understand their pro-
blems. For example, at one account, the director of the computer
center told us that they would never buy a calculator for their labs
because their 6500 was available to everyone. Yet, less than a
month later, IME sold their engineers a calculator.

People working with large computers generally consider the calcu-
lator a toy.

They are not aware of the type of ""calculator' problems that actual-
ly exist in their engineering labs, and don't have much influence
over the labs they serve.

The computer people do use calculators for testing algorithms and
checking programs. They are potential customers, and many will buy
calculators. Buf, they are not apt to give you good leads to other de-
partments.

Most groups are aware of Time Share systems, but believe that they
cost only $100/month. This is true of even the companies that have
one. In reality most terminals cost $700-$1, 000/month.

We found very few users of either Programmable Calculators or Time
Share that made extensive use of fixed program libraries. Generally
they had all modified the programs for their applications or in most
areas written their own. You will have to be a proficient programmer
to take maximum advantage of our library by modifying it for specific
customer applications.

Customers in the electronics industry seem to be able to make the ful-
lest use of our keyboard subroutines. Of course, this is the area in
which our test equipment sales give us the most contact. In addition,
our present customers in this area are also better prospective custo-
mers for calculators than customers in other fields. In the mechani-
cal field, for example, users of electronic instrumentation are not nor-
mally also users of calculators.

TIME
SHARE

ELECTRONICS



CHEMISTRY

TRANSPORTATION
EQUIPMENT

AEROSPACE

CONSULTING
ENGINEER

Although most electronics companies have bought service contracts
for the presently owned calculators, several doubted their economics.
Our electronic customers will probably represent the largest group
that does not buy service contracts.

The analytical chemist will not be a major customer for the 3100A.
He usually has simple calculations requiring a very simple calculator
or a very large computer with lots of data storage. However, the
chemical engineering field is very attractive. Many chemical engin-
eering problems involve statistics, molecular weights, percentage
concentration, etc. which are easily solved using the 9100A.

Companies in the transportation equipment business make extensive
use of computer terminals. You should prime yourself on the relative
place of desk calculators and time sharing before making a big pitch
to automobile or airframe manufacturers. This area may require a
sizeable increase in the number of calls required to sell calculators.
The mechanical departments have greater potential than the electrical
ones. There are a number of small job shops related to the automo-
tive industry that could use calculators.

Aerospace companies consolidate purchasing requirements with the
purchasing department playing a large role in evaluation and negotia-
tion. Many companies have an engineering facility group which is very
helpful in getting you connected with specific engineering departments.
A wide variety of engineering disciplines are represented. If is hard

to get to see all the people interested in calculators. One technical
group is not very helpful in referring you to the next group. While

they have larger computers, perhaps more than any other industry,
these computers are not readily accessible to the people with problems.
So accessibility and availability are good selling tools for the calculator.

Consulting engineers seem to have the greatest need for a formatted
output. They typically use a lot of data and need a permanent record.
Also, there are special purpose computers available to them with a
formatted output.

This is probably the easiest group to reach by direct mail because most
civil engineers are registered. Consulting engineers can make the
most effective use of a prepared program library. Their problems
tend to use the same equations over and over; more so than any other
area. They will require a lot of hand holding. At least they seem to
have problems with the Calculators/Computers they are now using.
They expect and seem to get assistance from salesmen now selling
them competitive equipment. :




Since this group is found in smaller offices, the ratio of engineers per
calculator is higher; but the opportunity for repeat sales is small.
Most of the smaller offices have ties with a computer center either in
a university or a larger office. So the fact that we can't solve their
larger problems is not necessarily a deterant to a sale. A calculator
for office use with the computer center for back-up, may be the best
and most economical solution for them. Only one out of three engin-
eers in a consulting engineer's office do the type of work that requires
a calculator. Others are involved in proposals, drafting, ete.

Contractors who buy calculators are usually larger firms. The smal-
ler {irms usually do not do their own engineering. The data proces-
sing man is the primary contact with contractors and is more recep-
tive here than in most places.

University professors do a lot of funded research which requires use
of calculators. Since very little equipment is shared; the ratio of
calculators to personnel will be higher in this area. There are usu-
ally 10-15 departments in each school with a potential of several units
each. You will usually deal directly with the end user who is also the
specifier of calculators. He commonly has money set aside in a grant
for computations. This money can be spent to buy calculators. Stu-
dent problem solving is another big university application. Several
schools have calculators available in a central area for students.

The following questions illustrate good answers to the most common
questions of a casual nature,

Q. What features does your calculator have that your nearest
competition lacks ?

A. Olivetti--Speed, dynamic range, total addressing capabilities,
ability to correct program steps, 175 decades more dyna-
mic range, transcendental functions, simple programming
language.

Wang -- Speed, unlimited qualifiers, mag card, 3 register dis-
play, completeness and accuracy of transcendental func-
tions, self contained unit.

Small computers -- Less expensive, simple man-machine
interface.

o

What is the difference between this machine and a computer?

A. Traditionally, a computer has not had an input console which
contains the English and algebraic keys as is found on the cal-
culator. Input to a computer is not keyed in by the user--it
is prepunched on tape or cards. The fact that we have a de~
vice that will allow a human in the control loop is the thing
that sets a calculator apart from a computer.

CONTRACTORS

UNIVERSITIES

COMPETITION

COMPUTER
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We feel that it has the physical features normally attributed
to a calculator even though its insides are structured like a
computer; most people identify it by its physical features and
not by its operating characteristics.

Compare your calculator to a time share terminal.

The calculator and time share can stand on their individual
merits. We offer portable, silent operation and a sense of
""total ownership' that is unattainable on a time share terminal.

Most everyday operations are performed much more effici-
ently on the calculator than on time share--finding the arc
tan of a number requires 125 operations and six minutes on

time sélare, the calculator requires 2 operations and milli-
seconds.
We offer an accuracy that is not characteristic of time share.

List the ways in which your 9100A Calculator will outperform
some computers.

1. Portability, size, cost

2. Ease of operation

3. Convenient man/machine interface

4, Accuracy, broad dynamic range

5. It is unnecessary to learn a special computing language.

I understand that you have a read-only memory. Would you
comment on this.

The know how in the ROM design and manufactire we consider
proprietary.

Do you use multilayer boards in the calculator?

Yes, the conventional "back panel" wiring is a multilayer
bhoard.

Do you use epoxy transistors?

We use both metal and epoxy case transistors.

Do you manufacture your own?

Keys YES
Case IT IS CAST ELSEWHERE
CRT YES

Multilayer boards YES

I understand that you did not elect to use integrated circuits.
Why ?

Much of the circuity such as core drivers conduct currents
that exceed the upper limits offered by 1. C.'s. We use uni-
que circuitry not currently available in I. C. packs.

The power requirements of the IC's considerably exceeds that
of the discrete circuitry used. The power saving shows up in
two ways--a smaller power supply and no fan is required.
The package would be considerably larger if IC's were used.
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Will you redesign the calculator to use in-house IC technology?

When IC technology allows us to obtain a substantial savings
without loss of performance we will consider a redesign.
How does the cost divide up in the system?

We had originally estimated that the core, logic (including
ROM), and supporting hardware (case, keyboard, CRT, power
supply, etc.) would each share 1/3 of the cost. It turns out
that this estimate held true.

How many man years went into developing the calculator?
700 man months over a 2 1/2 year period.

Will you redesign the calculator for special purposes--for in-
stance, the hyperbolic functions may be of limited value to
civil engineers, while degree, minute, second-to-decimal

conversions would have a great appeal. Can you accomodate
such changes?

We can accomodate such changes. However, they usually re-
present a major effort and the merits of each must be thor-
oughly evaluated.

Can you make a stripped down version?

Yes, but the selling cost will not decrease as rapidly as the
loss of calculating power.

Will you offer the calculator or parts of it as an OEM item to
systems house ?

We would certainly like to discuss such applications in detail.

Will you lease the machines or offer lease/buy contracts.

Yes, there are a number of lease options.

You have no printing mechanism. Isn't that a serious liability ?

No, many applications do not require a printer. However, for
those who have a printing requirement, a small silent printer
is in development and will be available in 1969.

Have you any other peripherals in the offering ?

We are working on an X-Y recorder for plotting functions.
We have an input/output connector in the back with allows 1/0
devices to be connected to the calculator. The PRINT and
FORMAT keys are specifically designed for I/O equipment.

You have mentioned a printer and an X-Y recorder as peri-
pherals. How much will they cost?

Prices have not been established. We estimate they will be in
the neighborhood of $1, 000 and $2, 500 respectively.

SPECIALS

OEM

LEASE

PERIPHERALS
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What, is the accuracy of the machine?

Many of the functions are non linear in nature and require
graphs or tables to extract the absolute error. However, in
almost every case the calculated f(x) is bounded by the true
values for f(x) as x is allowed to vary between plus or minus
one count in the tenth significant digit.

You have a 10 digit display. Some of your competition has 15
or 20 digits. Isn't this a serious liability.

Most of the competitive calculators do not operate as true
floating point machines. (There is some confusion between
automatic -decimal positioning and floating point.) The dyna-
mic range of a non-floating point machine is limited to the
register size. If one considers all problems, it can be shown
that the effective register length (the length at which no loss
of accuracy occurs) on a non-floating machine is limited to
one-half of the register length.

Why in the world do you need such a broad dynamic range?

Although the factors associated to almost all physical pheno-
mena are well within the dynamic range of the calculator,
some intermediate products and quotients involve very large
numbers which can overflow machines having a narrow dyna-
mic range.

With all of the complex functions, it must require a consider-
able training period to master the device. How long does it
require to become proficient?

A prime feature is the ease with which one can learn to use the
instrument. The basic calculator operations (+, —, %, +,
etc.) can be mastered in minutes. The same applies to the
complex functions, provided the user understands what the
function means. If the user has had any experience in compu-
ter programming, then an hour is adequate for learning the
programming commands. If he has never programmed, then
it requires a few hours to learn the concepts of looping, bran-
ching, initializing, etc.

‘What types of training manuals will be used?

The instrument will be supplied with all necessary training
and operating supplies:
-A comprehensive operating and programming manual
-A quick review pull out card attached to the instrument
-A comprehensive library containing ready to use programs
and program techniques -
-Programming cards

.

Will you maintain a programming service?

We will maintain and distribute programs submitted by usérs
or developed at Hewlett-Packard. A regular publication, THE
KEYBOARD, is sent to all users to keep them informed of.
new programs and applications. ’
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How much will additional program cards and coding sheets
cost?

The following are furnished with the calculator; replacements
are available at:

Program Library $30. 00
Operating Manual 2.50
Program Pads 10.00

(5 pack - 500 sheets)
10 Mag Cards in Flip Top Box 10.00
Diagnostic Card 2.50
Dust Cover 5.00

How will the instrument be serviced?

Each user is given a diagnostic program which automatically
tests each operation that can be executed. If this fails to run,
the machine will be serviced on a major subassembly replace-
ment basis. If the customer has a service contract, the calcu-
lator will be serviced on his premises; if there is no service
contract, it will be serviced by returning it to an -hp- service
center.

What do you expect for a mean-time-between-failure?

We are offering a standard one year warranty, which is con-
siderably longer than the typical 90 day warranty offered by
the competition. This is made possible by taking such mea-
sures as preageing each transistor for 100 hours and testling
it before use in the calculator.

Do you offer a service contract after the 1 year warranty?
Yes.

Can you ruin the machine by pressing the keys in a random
order?

No, you may set it to calculating a problem that will take eons
for a solution; however, it can always be stopped by pressing
the STOP key.

How can I tell if it is making a mistake?

If any of its active circuity is out of commission, it will almost
invariably show up by an odd looking display. The diagnostic
program provided with each calculator will exercise and check
all keys. It is doubtful that the diagnostic would run and yet
have the machine working improperly.

Does the calculator have error detecting or error correction
circuitry?

We have a warning light that detects illegal mathematical oper-
ations--many calculating errors result from illegal operations.
Hence, if the warning light lights during an operation, an error
has occurred. If there is any question on reliability, the diag-
nostic routine should bhe run.

SERVICE

RELIABILITY

ILLEGAL
OPERATIONS
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What are the environmental conditions under which the cal-
culator will operate?

It passes the environmental specifications of 0 to 55C, and
95%relative humidity at 40C.

Can the calculator be operated from a field hattery source?

It would require an inverter capable of delivering 70 watts.

How much abuse can a mag card withstand?

Certainly it must not be placed in a strong magnetic field;
however, 1have rubbed the card several times over the cal-
culator top without loss of information. Since most cards
receive little abuse in their protective case, I can see little
concern for losing information by rough handling. The cards
are recorded in a NRZ saturated mode which offers excellent
noise immunity.
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The Hewlett-Packard 9100A Calculator is a scientific desk-top calcula~
tor. Trigonometric and logarithmic functions are calculated with a
single keystroke. The Model 9100A is programmable; conditional
branch instructions provide complete programming capability. In ad-
dition, two programs can be recorded on each magnetic card supplied
with the 9100A.

The Calculator has two memory systems. One is a unique Hewlett-
Packard Read-Only-Memory. It contains the subroutines necessary
to execute the keyboard instructions and to calculate the trigonometric
and logarithmic functions.

The 9100A also contains a magnetic core memory which adds the stor-
age and programming features. There are 19 accessible registers in
the magnetic core memory; three are displayed, two are only for data
storage. The 14 program registers can accommodate up to 196 program
steps or can be used for additional data storage.

Three registers are displayed on the cathode ray tube; they are desig-
nated X KEYBOARD, YACCUMULATOR andZ TEMPORARY. The for-
mat of the display can be selected on the keyboard. With Floating Point
notation, the contents of the registers are displayed as a ten-digit num-
ber and a two-digit exponent, indicating the power of ten multiplier.
This display mode allows simultaneous presentation of very large (up
to 10%°) and very small (down to 10°98) numbers. With Fixed Point no-
tation, the contents of the registers are displayed in decimal format,
with the number of digits to the right of the decimal (0 to 9) set by the
decimal thumbwheel.

A magnetic program card loaded with the Diagnostic Program is
shipped inserted in the rear pocket of the Program Library.
To enter the program:

SET: { | RUN

SET: | |[RADIANS

SET: | | FIXED

e @D or ()

Be sure magnetic card is fully inserted in the card reader with the
printed side of the card towards the user.

PRESS: [ENTER
O
0
N
T
I
N
u
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GENERAL
DESCRIPTION

DIAGNOSTIC
PROGRAM
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ACCESSORIES

KEYBOARD

Execution of the program (indicated by a flashing display of X =3,
Y =2.000000 and Z = 1) ensures that the 9100A is operating correct-
ly.

The accessories and equipment supplied with each Model 9100A are
listed in Table 1.

TABLE 1

Accessories/Equipment Supplied

PART NO. QUANTITY DESCRIPTION
09100-90001 2 Operating and Program-
ming Manual
09100-90002 1 Program Library
09100-90003 1 ‘Program .Pad
09100-90004 1 Magnetic Program Card

Loaded with Diagnostic

Program

4040 - 0350 i Dust Cover

5060 - 5919 1 Magnetic Program Card
Container with Ten Pro-
gram Cards

8120 - 0078 { Tower Cord

9320 ~ 1157 1 Rull-out Instruction Card

contained in the bottom
of the 9100A

Switches ac line power to the Calculator. Application of ac line power
lights the register designators at the right of the cathode ray tube.

Selects the entry and display units for the trigonometric functions.

Selects the mode of operation.

RUN: used to perform calculations, address the program coun-
ter, execute a program, and enter the-mag card.

PROGRAM: used to enter and verify a program manually.

Selects the mode of display

FLOATING DECIMAL POINT: the display consists of a ten-digit num-
ber and a two-digit exponent, indicating the power of ten
multiplier.

NUMBER DISPLAY

12, 345. 67898 = 1. 234567898 x 10° 123 567 858 04
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FIXED DECIMAL POINT: the number is displayed with the decimal
point correctly located. The decimal wheel sets the
number of places to the right of the decimal point.

The least significant digit is rounded. If the number
overflows to the left of the decimal point, the display
for the overflowed register reverts to floating decimal
point.

DECIMAL WHEEL SETTING DISPLAY
1234561898

12345673
A ~

Leading Zeros Last Digit

%
% ““““““““ Blanked Rounded
E

Number too large for this
———————— setting-automatically shifts
to floating decimal point.

The error light indicates an illegal operation such as division by 0., ;/%I
—X, sin~IX ({X[>1), InX (X < 0). An illegal operation during 7777772,

program execution will not stop the program.

. Clears the X, Y, Z, e and fregisters (0.~ X, Y, Z, e andf). Clears
the FLAG and clears the ARC and HYPER conditions.

=

CLEAR

s

Clears the X register (0.—> X). Clears the ARC and HYPER conditions.
It is not necessary to press CLEAR X before each entry.

SRR

e

e e S
IR GO L

Changes the sign of the contents of the X register. Changes the sign
of the exponent if ENTER EXP was pressed preceding CHG SIGN.

Sets the decimal point. It is not necessary to enter the decimal point ‘
when entering integers or when using the ENTER EXP key.

e

Clears the exponent and causes the next digit entries (0 to 99) and :
CHG SIGN to affect only the exponent. The exponent digits are enter- g EXP
ed in a serial manner, with each new digit entry becoming the least i

significant digit of the exponent.

g, o0
DO®00 [ @ :
A 10 s

Pressing ENTER EXP after any keyhoard operation, except digit
entry, will enter 1.0 for the number in X. To restore control to the
mantissa, press the DECIMAL key.
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DATA
ENTRY

o, odrtrntet: s R U SR T s e o el 2olote 'f."-:u:?;'._g_'" 2
e
b2

A

2

R a
| ©800 |[L..
5 * 1.080 000 o0a-06

All keyboard entries are displayed in the X register.

ser: [FLOAT| |

ENTER: 126.78

LHOEBEOBE
.

N
R
RSN

s

A

e

[

1267 8

N S AT

@

ser: | FLoAT | ]

ENTER: -39, 800 = - 3.98 x 104
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ser:[ [ KD |

SET: Decimal wheel to 4
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ser{ T 7xED |

SET: Decimal wheel to 4
ENTER: 128.018%
2

Sl0I0I0II010I010

1280167

SET: Decimal wheel to 3
g
a

128017

SET: Decimal wheel to 8

a,
o
1.280 187 ge

SET:[ | FLOAT
. ENTER: ~4x10712
| () (@) (O ) () () (&)

These keys reposition the contents of the display registers as required
for succeeding calculations. x, y and z refer to the contents of X, Y,

and Z. | FixeD

Duplicates the contents of X to the Y register and shifts the contents of
Y to the Z register. Loses the contents of the Z register.

ﬂﬁﬂﬂ

Duplicates the contents of Z to the Y register and shifts the contents of
the Y register to the X register. Loses the contents of the X register.
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z Z
b3 Y
x X

Lo -7

Xy

ARITHMETIC
KEYS

)

! e 3 N ST A S
R
SRS A

e e o

Shifts the contents of X to the Y register, shifts the contents of Y to
the Z register and shifts the contents of Z to the X register.

4 A

1418

Shifts the contents of Z to the Y register, shifts the contents of Y to
the X register and shifts the contnets of X to the Z register.

HEOOEE

uss

Exchanges the contents of the X and Y registers. The contents of Z
are unchanged.

@“ﬂ@

The arithmetic keys operate on the X and Y registers, entering the
result of the calculation in the Y register and leaving the X register
unchanged.

Adds the contents of the X register to the contents of the Y register.
The sum appears in the Y register and the X register is unchanged.

8§+4=12 —»Y

@Bnﬂﬂ

12
9,

6+7T+4=17 —»Y

ﬂ@ﬂ@ﬂﬂﬂ
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Subtracts the contents of the X register from the contents of the Y re-
gister. The difference is entered into the Y register and the X register
is unchanged.

1M-9=8—»Y

ﬂﬂﬂ'@@

SRR

47 -19 - 8 +5=25—»Y

HOOMOOOEEEHE

Multiplies the contents of the X register by the contents of the Y regis-
ter. The product is entered into the Y register and the X register is
unchanged.

’ 9x7=63—>Y
ﬂ@ﬂﬂﬂ

3x5x4 + 8=T.56—»Y

GB'BBGBG@

a.
150680
g

Divides the contents of the Y register by the contents of the X register.
The quotient is entered into the Y register and the X register is un-
changed.

36 + 4 =9—»Y

ﬂﬂ@‘ﬂ@
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72 +6 +3 + 9=13—Y

'@@@

R SR s -.i-as

R R

e A A A A
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EXAMPLE (3x4) + (6 - 9)

|

: =.9—»Y |
o @8x2) - 6 |
STEP KEY STEP KEY STEP KEY ;
i 1— 3 7— 9 13— 6 \
o 2— 4 8— — 14— — |
o 3— 4 9— 8 15— v ‘
,% 4— X 10— 4 16— +
i 5— 6 11— 2
o 6— + 12— x
b
;gg

STORAGE ’%3 The Storage and Recall Keys provide access to the 16 storage registers:
i 0,1, 23,45 6, 78,9, a b, c d eorf Itisnotnecessaryto
'f'vf clear a register before storing a number; the new number is written
g%c over the previously stored number.
.

Stores the contents of X in the register indicated by the following key-
stroke: 0, 1,42, 3, 4, 5, 6, 7, 8, 9, a, b, ¢, d, e, or {f. The contents

&

¥

b4
w&*‘i‘fk'

% of the X register are unchanged.
£% Stores the contents of Y in the register indicated by the following key-
Y0 stroke: 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, a, b, ¢, d, e, or f. The contents

of the Y register are unchanged.

RECALL Press a, b, ¢, d, e or f to recall the contents of the register to the
F23 X register. The contents of a, b, ¢, d, e, or f are unchanged. The
2ty key must be used to recall the contents of the numeric registers.
i Pressing only 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 will not recall the contents
of that register to the X register, but will enter that number in the X
% register.

f‘f;‘? Recalls the contents of f and e to the X and Y registers. The contents
ret Z g of f and e are unchanged.

o

HH '

b3

o]




R R R R e SR e

SRR

S T

Exchanges the contents of Y with the contents of the register indicated
by the following keystroke: 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, a, b, ¢, 4,
e, or f. This is the only instruction that recalls the contents of a nu-
meric storage register.

a. 0.
; () :
I 1.

a 0. i
cloliEIcR N
. L 2 _ i
%:
22
R
2
Selects the entry and display units for the trigonomefric functions. With §* FUNCTION KEYS

DEGREES selected, an entry in degrees cannot be converted to radians
by selecting RADIANS. Inverse trigonometric functions are calculated
for the principal value of the function.

0 sin‘]x; - 900 to + 900 (— T/2 to + 7/2 radians)

6 cos ~IX; 00 to 1800 (0 to + 7 radians)

0 tan"lx;-goo to 4900 (- 77/2 to +7/2 radians)
EXAMPLE:

Sin 1359 = 4. 7071; sin " + . 7071 = 450

-1

tan -1000=4+5.671 tan — + 5,671 = 80°

Replaces the confents of the X register with the Sine of the contents of
X.

sinx

Replaces the contents of the X register with the Cosine of the contents
of X.

Replaces the contents of the X register with the Tangent of the contents
of X.

tanx

Prefix used to calculate the inverse trigonometric or hyperbolic func~
tions. The answer is placed in the X register.

(3
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Inx
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Prefix used to calculate the hyperbolic (sinh, cosh, and tanh) functions.
The answer is placed in the X register.

EXAMPLE: sinh 2 = 1.4436

CORRECT INCORRECT
(2) () be) () () =) () ()
sinh 12— X sin"lg —»x ERROR

LIGHT

Replaces the contents of the X register with the logarithm to the base
e of the contents of X.

Replaces the contents of the X register with e raised to the power de-
fined by the contents of X,

Replaces the contents of the X register with the logarithm to the base
10 of the contents of X.

Replaces the contents of the X register with the square root of the
contents of X.

Integer x. Eliminates the decimal part of the contents of the X regis-
ter. Leaves the integer into the X register.

o
PO |
5

Absolute value of Y. Sets the contents of the Y register positive.

@@ﬂ'ﬂ
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Enters pi in the X register.

e S A A

Conversion from rectangular to polar coordinates will calculate the
angle, 6, in the range:

- 180°< 6 < +180°
—wradians < @ < 4+ radians

Changes rectangular coordinates consisting of an x component in the X
register and a y component in the Y register to polar coordinates.

Angle (8) = Tan™t y/x-—+»Y
Radius (R) =, /x2 + y2 —» X
SET:| DEGREES | |

|
|

TO
‘

Changes polar coordinates consisting of a radius (R) in the X register
at an angle (8) in the Y register to rectangular coordinates:;

y component =R * sin @ —»Y
X component =R+ C0S g—»X

@n

ACCUMULATE +: Adds the contents of the X and Y registers to the
contents of the f and e registers respectively. The sums are entered
in the f and e registers. f and e are cleared with the CLEAR key.

f + X—»1f

e + Y—me

VECTOR
KEYS

0
POLAR

ACC
4

21
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ACCUMULATE —: Subtracts the contents of the X and Y registers from

the conténts of the f and e registers respectively. The differences

are entered in the f and e registers.

f —X-—»f

e —Y—»e

Recalls the contents of the f and e registers to the X and Y registers
respectively. The contents of f and e are unchanged.

f—+X

e—/-Y

'@

-

EXAMPLE: Vector Addition

(2x + 3y) +@x + 5y) - 3x — By) =3x +14 y

STEP KEY STEP
1— CLEAR 6—
2— 3 7—
3— 4 8—
4— 2 9—
5— ace + 10—

KEY

STEP

11—
12—
13—
14—
15—

KEY

CHG SIGN

4
3

ACC —

RCL

2
EXAMPLE: Multiplication of complex numbers (§~ = —1)
(B+j4) (-2 +j3)=—18 +j1

STEP KEY STEP
1— CLEAR 7—
2 4 8—
30— 4 9—
4— 3 10—
5— 10 POLAR 11—
6— Inx 12—

KEY

ace

3
4
2

CHG SIGN

TO POLAR

STEP
13—
14—
15—
16—
17—

KEY

ACC -
RCL
ex

TO RECT
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Range of arguments for trigonometric, hyperbolic, logarithmic and RANGE OF
exponential functions. ARGUMENTS
sin X, cos X, tan X; [Xl< 1x 1010
sin-1 X; IXl< 1
cos~1 X; [Xl< 1
tan~1 X; any X
sinh X; 1X| < 230.25
cosh X; X1 <230.25
tanh X; IX1 < 230.25
sinh~1X; any X i
cosh~1X; IXI>1 2
tanh™1 X; 1X1< 1
In X; X>0 R
log X X>0 o
e ~227.95 < X < 230.25 %
Range of the 9100A: 1x 10%% to 1x 107%8
Even though 1 + 107%° may be entered and stored in the calculator, the :
calculator's lower range is 1 x 10°%8. To demonstrate this enter i
2 x 105%and 5 x 1075 into the X and Y registers and multiply. The Y ;ﬁg
register will overflow and read zero. ¥
>.=
5
.
® |
Range Average Time £ CALCULATOR
7 FUNCTION
1. +or - 2ms # TIMES
2. MPY 2-22ms 12ms 2
3. DIV 4-2Tms 18ms ""
4. SQRT 4-20ms 19ms 2
5. SIN, COS, TAN 240ms (1st quad.) 280ms &3
330ms (1 circle ) g;
6. ARC SIN, ARC COS 140ms i
7. ARC TAN 80ms ; ]
8. EXP 110ms i
9. LN 50ms £k
10. TO RECT 280ms £
11. TO POLAR 200ms };é
.
g:ﬁ:
b
@
.
i
it
.

x
B



CALCULATOR
ERROR

CALCULATION
ERROR

FUNCTION
ERROR
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A solution may be in error for the following reasons:

1.

2,

4,

Approximate nature of physical law or principle upon which the
solution is based.
Truncation error--this is caused by using a closed form ex-
pression of an infinite series such as:
3 5 7
sinX 2 X - X_ + X_. — .)_(...
3! 5! 7!
Here we have truncated all powers of X higher than X7.
Round-off errors -~ causes error in numerical computation
due to the use of finite number of significant digits. This is
the limiting factor of the 9100A.
Mathematical errors in computation.

The accuracy of algorithms used in the Calculator is limited to the
number of significant digits inputted and used in each calculation,
The displayed digits, guard digits, and exponent digits give 12 signi-
ficant digits and lwo digits for the exponent. Usually analysts are
interested in magnitudes of numbers and the first few significant fi-

gures.

Thus you can readily see the advantage of our scientific no-

tation (floating point) and carrying 12 significant digits and exponent
over competitive fixed point machines. One quickly recognizes mag-
nitudes by looking at the exponent. ..and the added advantage of a
range 1098 t5 1099,

The calculation error may be briefly explained in the following manner.

The two guard digits are carried along in all calculations extending

the accuracy of the Calculator. In fixed display the least signifi-
cant displayed digit is rounded. In floating point the least signifi-
cant displayed digit is not rounded.

The transcendental function error may be explained in the following

way.

Consider the function shown below

o

Ay

Ay B
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Let AX represent the smallest increment or the limit of the Calcula-
tor's resolution to describe the independent variable X. In the Calcu-
lator this would be the 12th digit or least significant guard digit.

Assume the value of the function in the region A to B is desired. A

AX change causes a small change AY. However, if the value of the
function in the region B to C is desired, a AX change causes a much
larger change AY. The size of the error region, AY, will increase
as the average slope of the function in that region increases. If the
function rises exponentially, the error will increase quite rapidly as
X increases.

The function error may be summarized as follows:
The calculated estimate, 1(x), lies between the exact value of
f{X + AX) and the exact value of (X - AX); stated mathematically:

(X - AX) < (X)) < £(X +AX)
AX is one count in the 10th place*
This is valid for any X within the range of the function's argument.

Estimates of these upper and lower tolerances may be obtained by
using calculated values f(x) at plus one count in the tenth place
(+AX) and minus one count in the tenth place (- AX).

SRR
S

This may be stated mathematically:

. (X -AX) < £(X) < (X +AX)
Graphically the calculated value lies in the regions shown below:

#(X +AX) (calculated value)

lestimated (X +AX) {exact value)
ltolerance toi‘zri.gge for £(X) 1(x) (calulated value)
region & (X ~AX) (exact value)

(X ~AX) (calculated value)

Here is an example: EXAMPLE
f(X) =sin X
X =360 000 003 00
AX = 1°

X +AX = 360 000 003 1°
X ~AX = 360 000 002 90

I{X) = .500 000 000 00O

X +AX) = .514 978 232 099
£(X +AX) = .515 038 074 910**

f(x) = .499 818 609 118
£(X - AX) = .484 809 620 246

(X - AX) = . 484 504 290 825

*It is necessary to specify the tenth rather than the twelvth because

of the calculation error ?fjgf
‘ **The exact values are from National Bureau of Standard's '"Handbook %
of Math Tables," e

s%;;:‘%‘s\'.ﬁ\'.’.‘.
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Absolute error = |£(X) — f(X)| = .0001814

l1x) - {0l

% =,036%

Relative error

ERROR
SUMMARY

The following is a summary of maximum calculator function errors,.
They are expressed as absolute errors unless relative error is noted.

SRS

i

Eff Absolute error =] f(X) ~ ,f\(X)[

o £(X) - f(x) |

s =T

’;g Relative error = —}f('X)(_'L

g% f(X) = exact value

g% ?(X) = calculated value

g

i

_‘3’; Note:

é a) One visible count is one count in the tenth digit.
& b) "No. of decades of circles" refers to the number of integer
o circles divided by 10.

11 (larger addend exponent)

& I. ADD(+ -) =5x10 " x10

i II. MPY + 1/2 visible count

OI. DIV # 1/2 visible count
IV. SQRT 4 1/12 visible count
V. COS ¢ 0<1rad +4x 10-1L

lrad <0< 7  +0x10-11
T <e<27 :L-ZBxlO'lO
27T <6 +17 x 107

x 1O(no. of decades of circles)

VI. SIN O 6 <1 rad + 1 visible count
lrad <0 <7 +12 x 10-11

o T <0<2m  31x10-11 .
27 <0 +17 x 10-10 x 1o(no. of decades of circles)
& VIL TAN 0 0 <1rad #11/2 visible count
lrad<9<7 £1/2 (exp of answer)
% £2 x 10710 (visible counts)
2 T <8 <27 1 xexp of answer
i3 +3 x 10~10 (visible counts)
b7 27 <9 +5 x exp of answer x 10{no. of decades of
E visual counts . circles)
j’; +31 x 10-10 x 1pdecade of circles
B
'% VIII. POLAR TO RECT same as cos 0 and sin ©
*’ IX. TAN"1(a) radians 1/10 visible count
i degrees 1/4 visible count
i X. SIN-1 (a) a<.707 x1/2 visible count
£ ) .
% x1. cos™t (a) a<.707 x1/2 visible count & 10-11

: XII, SIN-L (a) a>.707 rad10-10

deg +70 x 10-10

XII. cos ™ (a) a>.707 rads10-10
deg %70 x 10-10

26




XIV. RECT TO POLAR same as above

xv. &° 0<2.3 relative error = 49 x 10-11

0 <23 relative error =+3 x 10-10
0 < 230 relative error = £24 x 10-10

XVI. COSH, SINH +10-10 & relative error from e®
XVII. TANH +10-10
XVIII. LN +7 x 1011 & 1/20 visible count
XIX. LOG +3 x 10~11 + 1/8 visible count
xx. SINH-L, cosH-1 424 x 10”1 i 1/20 visible count
XXI. TANH 1(a) £10-10 cosh? {tanh-1 a)

27
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INSIDE THE CALCULATOR
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Robert Benchley once wrote that although he realized a modern bridge
was indeed a very large and complex structure, he nevertheless felt
sure he could build one himself, if only he could think of the very first
thing to be done. Once over this initial hurdle, he thought, the re-
maining steps would fall readily into place one after the other until the
bridge was complete. It was just his inability to discover the first
step that prevented him from becoming a master bridge builder!

You, perhaps, have been trying to discover the first step to be taken
in building a knowledge of the 9100A. You have heard that the Calcula-
tor can be an extraordinarily powerful tool, that it can make decisions
automatically, and solve arithmetic problems at incredible speeds,
doing in a matter of seconds an amount of work it would take you days
or weeks to accomplish by hand. It turns out that the first step is sur-
prisingly simple. It involves no more than a consideration of the kinds
of on-off or up-down patterns you might find represented by a row of
simple switches. For the digital computer, and remember the calcu-
lator is really a small computer, is basically little more than an auto-
matic device for manipulating just such patterns at high speed accord-
ing to simple fixed rules.

Not that you must understand how the computer works in detail to use
it to solve your problem. Not at all! Your main concern is going Lo
be rather the careful formulation of your problem in symbolic terms
using pencil and paper. Oh, occasionally you may want to do some
fancy programming, and there may be times when interpreting the dis-
play in terms of the calculator’s internal operation will be helpful,

But by and large you will be content simply to "feed" the calculator
your problem and its data and have the results returned to you with as
little fuss as possible on the CRT, printer or plotter. The fact remains,
however, that switch patterns and their manipulation underlie and de-
fine everything that the calculator is capable of doing, and it is there-
fore a good idea to know something about them.

By the way, symbolic procedures for describing calculations are known
as algorithms (after the ninth century Arabian arithmetician al-Kuwar-
izmi, to whom the credit is due for this method of calculating by means
of symbol manipulation). Thus you would speak of the hinary counting
algorithm, or of the familiar grade school decimal counting algorithm,
and so forth. All of the fixed rules followed by the calculator as it goes
about solving a problem are, in fact, algorithms of one kind or another.
The 9100A has both software, the instructions you load, and firmware,
the instructions wired into the read-only-memory which generate the
keyboard functions,

FIRST STEP

ALGORITHMS

29



WHY BINARY?

NUMBER
SYSTEMS

Binary numbers are much less compact than decimal numbers. They
are, however, quite the right sort of numbers to represent in two-
state devices as two-position swifches. The reason for the binary
rather than the more compact decimal system is primarily that two-
state devices have heen found to be technically and economically
sounder than ten~-state devices in computer construction.

Two-state devices of various kinds are used extensively. The elec-
tronic version of the two-position switch is picturesquely known as a
flip~-flop. The computer is able to put a flip-~flop into either of its two
states by means of electrical signals, just as you are able to put a
switch into either of its two states by hand. Calculator memory units
are composed of a large number of tiny, magnetizable doughnuts mis-
named cores, wired together in geometrical arrays and arranged so
that each core can he magnetized in one of two ways.

Some specific information on the internal organization of the 9100A's
hardware will prove useful. There are innumerable programming
"tricks™ which can only be used successfully in certain situations.
You'll need the information in this chapter to identify those special
cases.

The calculator manipulates instructions and reads data as binary coded
decimal numbers. In the binary system, there are only two digits,

0 and 1, which are easily stored and manipulated using bistable de-
vices. The 9100A, for example, converts each key depression into

a string of binary digits. For the user, however, binary numbers
(such as 1011010011101000) are difficult to read and use, so the bits
are grouped in threes for convenient notation in the "octal"* numbering
system.

Some familiarity with both binary and octal numbering systems, as
well as with conversions to and from the decimal system is helpful,

In converting each group of 3 hits to an octal digit, the binary signifi-
cance of each bit is converted to its absclute value, which is then con-
sidered to be absent or present, depending on whether the bit is a
"'zero' or a ''one' respectively.

By various combinations of on and off states, eight digits are possible,
0 through 7. The digits 8 and 9 never appear in the octal numbering
system. The Figure on the following page lists all eight binary/octal
equivalents, along with some examples of numbers.
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Binary Octal Interpretation Octal ,_%
- g
g.ﬁ
000 = 0 = 0 o
001 = 1 = 1 o
010 = 2 = 2 i
011 = 2 +1 - 3 e
100 = 4 = 4 z
101 = 441 = 5 g_?
110 = 4 42 = 6 ;ﬁ::
111 = 442 +1 = 7 E%
e
e
.
o
5 2 6 0 1 OCTAL 7 EXAMPLES
[tot]o1o]110]000]001] BINARY
7 4 3 5 0 OCTAL
[t11]roo0]ot1]101]000] BINARY
7 7 7 7 7 OCTAL
IEEEESERERIERERER Y BINARY
To avoid confusion when numbers are written in more than one num-
bering system, a subscripted digit is attached to the number to identi-
fy the system used. Thus:
1111111111111112=777778=3276710
.
When counting in the octal system, the “carry’ to the next more signifi- 54 OCTAL

cant column occurs as roll-over from 7g to 0g occurs. That is, 10g CARRY
follows 7g. The counting sequence in octal is: %

00000
00001
00002
00003
00004
00005
00006
00007
00010
00011
00012
etc.

@
o
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NUMBER
CONVERSIONS

Octal to
Decimal

Decimal
to Octal

32
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Integral and [ractional parts of a number are separated by a “decimal
point" in the decimal system, an 'octal point" in the octal system, and
a "binary point” in the binary system. The significance of digit posi~
tions in a number in any system increases by positive powers of the
system's base when going left from the point, and decreases by nega-
tive powers of the system's base when going right from the point. This
is shown below.

XXXX +- X

L=

Dec: X10° X10® x10' x10° X107 X102 x10°2

Oct: x8%® x8% x8' =x8° X8 xg? xg3
Bin: X2° x22 x3' x9° x2t x9? x273

Significance of Digits in Three Systems

The information in the above Fighre provides the basis for converting
octal or binary to the decimal system. ‘

Converting octal or binary numbers to the decimal system consists only
of performing individual multiplications, each digit times its signifi-
cance, for all of the digits in the number, and then summing the results.
Thus, the octal number 7654. 321 has the decimal equivalent of:

7x8 =7x512 =3584.
6x8° =6x64 = 384.

5x8 =5x8 = 40.
4x8%=4x1 = 4
3x8l-3x1/8 = .375
2x8%=2x1/64= 03125

1x8 7 =1x1/512=  .001953125
4012. 408203125

Integral and fractional parts of a decimal number require separate op-
erations when converting to the binary or octal system. Because of
this added complexity and the ease of octal/binary conversion, one
should limit decimal conversions to octal only, and then to construct
the binary equivalent if necessary from the octal number.

Basically, the procedure for the integral part of the number is first
to divide the new base (8, if converting to octal) into this part of the



number, stopping at the decimal poinf. The resulting number is a
whole number and a fractional remainder (e.g., 32767 + 8 = 4095 plus
a remainder of 7 eighths). The remainder (7) becomes the least signi-
ficant integer of the new number being constructed (i.e., immediately
to the left of the octal point). The whole portion (4095) is again divid-

ed by the base (8), and the process is continued until the whole portion

is reduced to zero.

32767 + 8 = 4095 + 7
4095 + 8 = 511 + 7
511 + 8= 63 + 7
63 + 8 = 7+ 7
7 + 8= 0+ I 1
77 7T T T .

To convert the fractional part of a decimal number to octal, multiply
by the base and use the whole portion of the resulting number as the

first digit to the right of the octal point. Continue by multiplying the
fractional part of the same resulting number by the base again, to as
many places of accuracy as desired. Thus 0.135 decimal is approxi-

mately:

.135 .08 . B4 .12 .96
%8 x8 x8 x8 x8
1. 080 (l) 64 5.12 0. 96 7.68
%lh#
. 1050’78

Digital data can also be coded in Binary Coded Decimal. Four binary
bits are required to code each decimal digit. Since this is a code ra-
ther than a number system, there are no carrys. Many BCD weight-
ings could be devised. The most common, and the one used in the

9100A is 1-2-4-8.

BCD WEIGHT 8421 8421 8421
BCD CODE 0101 0110 1000
DECIMAL DIGIT 5 6 8

For single digits less than eight, the BCD code corresponds to octal.

2

AT

SRR

R R

BINARY
CODED

DECIMAL

A AR A
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SPACE
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CORE
MAP

Your program is stored as a precisely defined set of Calculator oper-
ations. These instructions are stored in one or more of the Calcula-

tor's 14 program registers. Each register inturn has 14 sublocations
for storing instructions. These are stored as two digit octal numbers;
i. e., the instruction CLEAR has the code 20. Upon encountering this
code in a memory subregister, the Calculator will automatically cledr
the X, Y, Z, e and f registers, plus the FLAG.

The 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, a, b, ¢, and d registers can be used
for either program or data storage. If all are used for program stor-
age, 196 program steps are available. The X, Y, and Z registers are
display registers and cannot be used for program storage; the e and f
registers are normally used for data storage; like X, Y, and Z, they
cannot be recorded on a magnetic program card.

A program is stored so that the register with the starting address is
filled with program steps before the next sequential register is enter-
ed with program steps. With the first program step in location 00,
program storage will be used in the following manner; 00, 01, ... 09,
Oa, Ob, Oc, 0d, 10, ... 19, 1a, 1b, 1c, 1d, 20 ... up to de, dd, the
address at which the program counter resets at 00.

Programs that require more data storage than the e and f registers

must use a register that could otherwise be used for program storage.

A complete register is required for storing a twelve-digit number and

the two-digit exponent; therefore, the maximum program size of 196

steps is reduced by 14 steps for each program register used for data ‘
storage.

The core memory used for program storage consists of a 14x14x6
array, figure below. The registers are designated 0, 1, 2, 3, 4, 5, 6,
7, 8, 9, a, b, ¢, and d, as are the sublocations in each register.
Memory address c2 indicates the c register and sub-register location
2 in the ¢ register. Each memory address has six switches for coding

an instruction or a data digit.
SUB-REGISTER

0!l 23 455671833 bcd

F 20 7
Fol—T—— % HSHAAAAA HSAAS !
Faa~- ) 2
Fe23 i7g =17 3
F24 I y
F25 I 5
i <L &
i Program Storage 1 =
m
- g Q
17 g a
] a x
1 b
H 4 =avdis
1 d
e
Data Storage
' l L F
> [T 1 x
i Display Y
§ i/ T et fl il il VI L 0 I z
) Pl Vo v v L~
) Pl Ol VPl V2t el V2l Vil Vel Vol Vil Vol Vo ol Vel
) Dl V7l Vgl Vil Vel Vol Vel Wl V2 Vel W Vo
VPl Pl Vel Wl Vol Vol V2l Vsl V2 2l Vot 9220 Vo Vel




The calculator writes instruction codes in the sub-register by setting
each switch either on or off. Instructions are read by interpreting the
switch setting. Each switch position has an associated number or
weighting. If the switch is on, that number is read and summed. Other-
wise, it is not. The six switch positions and associated weights are:

WEIGHT 40 20 10 4 2 1
SWITCH NO. F25 F24 F23 F22 F21 ¥20

Let ""1'" represent an "on" switch and 0" represent an "off" switch.
Then 010000 represents the code 20 which is the instruction to CLEAR.
Code 35 is the instruction to DIVIDE - 011101.

The Calculator uses these same switches for storing data, which may
be placed in the memory registers instead of instructions. However,
the weight or meaning of each switch is different if data is stored in
a register.

WEIGHT
SWITCH NO. F25 F24 F23 F22

Blanking  Sign +or - 8 4 2 1
¥21 F20

Switeh F25 is used for determining whether a zero is significant and
should be displayed, or is not significant and should be blanked. If the
blanking switch is on (F25=1), the zero is not displayed. So, the
digit 0, if significant and displayed, is represented as 000000. The
digit 6 is represented as 000110.

Here is the way each of these subregisters is arranged as displayed
in floating point form.

DIGIT: DS%- DBD’I% D5D4D3 DleD0 GlGO EsEl EO
SUBREGISTER

'LOCATION: 9 876 H543 210 dc b a
DATA: 3 - 141 592 653 60 0 0

Ds is the sign of the number and is set by F24 of the switch set Dg.
Dg is the location of the most significant digit. Eg is the sign of the
exponent and is set by F24 of the switch set E;. G; and Gg are guard
digits (for rounding) and are not displayed.

You will probably notice that when data is stored the digits are not
stored left to right, but rather with the least significant digit in the
first memory sub-register. Try the following:

~ Place Calculator in RUN mode

- GO TO (a) (0)

- Switch to PROGRAM mode

~ Press successively the digits keys

1, 2,3, 45,6,7,8,9,817286,5, 4

INSTRUCTION
FORMAT

DATA
FORMAT

DISPLAY

35
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GUARD
DIGIT
DISPLAY

DATA AS
INSTRUCTIONS
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- Return to RUN mode
- Press a

As you can see, the most significant digit is Dg, and it appears just
to the right of center on the CRT. What are the values of the two
guard digits?

You can view the guard digits by subtracting the first two digits in the
display thus creating room for the guard digits.

- Press UP

- Enter digits 8, 9

- Press ENTER EXPONENT 67

- Press —

The two digits which were previously guard digits have shifted left
two places; they are now displayed as the two least significant digits
in the Y register. Is the display what you expected?

You should also try the reverse operation:
- Set RUN mode
- Press
- Press X toa
- Press GO TO {a) (0)
- Set Program mode
- Read the digits out using STEP PROG

It is possible to interpret and display data digits as instruction codes.
When single stepping the Calculator in the PROGRAM mode, the dis-
play subroutine always decodes all six bits in each character location
as instructions--it has no way of knowing when data rather than an
instruction is stored.

With these decimal numbers stored, the bit pattern and, therefore,
the display would be as follows:

DECIMAL F25 | F24 | F23 | F22 | F21 | F20 DISPLAY
NUMBER 40 | 20 10 4 2 1 CODE
9 0 0 1 0 0 1 (= 11
8 0 0 1 0 0 0 = 10
4 0 0 0 1 0 0 [ = 4
-3 0 1 0 0 1 1| = 23
blank
digit 1 0 0 0o 0 |= 40

So 40 will show up any time a blank digit is stored. Occasionally, a
customer debugging a program will encounter this and get confused.
It usually means that they have stored data in a register which should
have been reserved for program storage.

oot




It is also possible to interpret and display instruction codes as data.
Try entering instructions from the storage section of the keyboard in
a- 0 through a-d and then switch to RUN and recall a. What are you
looking at?

@

INSTRUCTIONS
ASDATA
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There are many steps involved in problem solving. Only a few of
these are accomplished by the Calculator itself. Most others require
the work of problem solvers. It will be instructive to outline the steps
involved in setting up a typical problem for computer solution.

One must identify and define the problem to be solved. A general ap-
proach should be decided upon. In some applications this is simple;

in others it is quite difficult and time consumming. In any case this
process requires full knowledge of the problem and the goals to be met.

There are usually several ways to mathematically describe a problem;
one must be chosen or a new one developed if no standard exists. This
clearly requires knowledge of the relevant fields of mathematics.

Since the Calculator can only do arithmetic and make simple quantitive
decisions, it may be necessary to modify the mathematical formation
of the problem so that it is translatable to Calculator program oper-
ations.

The numerical procedure must be stated as a precisely defined set of
Calculator operations. This is usually done in two steps. The first
is a graphical representation of the procedure called a flow-chart.
The procedure is then written as a set of Calculator operations.

In a long program there are so many chances to make a mistake that
the program will not usually work when first tried. It will be shown
how the Calculator is used to verify and edit the program.

Now the program can be combined with problem data and executed.
The step typically takes only a few seconds but may take several hours.

Often the results displayed by the Calculator do not constitute the final
answer to the problem. The user must interpret the results to see
what they mean in terms of the goals that the proposed system must
meet. It may be necessary to repeat some of the preceding steps be-
fore the problem is really solved.

The role of the computer (Calculator) in problem solving is succinctly

defined by Danial D. McCraken.
"First, the computer does not, by itself, solve problems; it only
follows carefully defined computational procedures. Second, a com-
puter does not relieve the user of the responsibility of planning the
work carefully; in fact, the computer demands much more careful
planning. The computer is faster and more accurate than a human,
but it cannot decide how to proceed or what to do with the results,
Third, a computer does not in any way reduce the need for a full
and detailed understanding of the problem area or for a thorough
knowledge of the related mathematics. "

PROBLEM
SOLVING

Identification

Description

Analysis

Programming

Verification

Execution

Interpretation

Summary
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An important tool of programming is the flow-chart, or block diagram,
which allows the programmer to plan the sequence of operations in a
program before coding it. In any problem that is even moderately com-
plex the interrelationships within it are difficult to keep clearly in

mind without some visual representation. A flow-chart provides this
visual assistance. It also greatly facilitates communication between
the programmers and is a valuable part of the documentation of a
program.

A flowchart is made up of a set of boxes, the shapes of which indicate
the nature of the operations described in the boxes, along with con-
necting lines and arrows that show the "flow of control' between the
various operations.

The most common notation is shown here:

A rectangle indicates any processing operation
except a decision.

A diamond indicates a decision. The lines
leaving the box are labeled with the decision
results that cause each path to be followed.

A trapezoid indicates an input or output oper-
ation.

O

—

An oval indicates the beginning or ending of
the program.

A small circle indicates a connection between
two points in a flowchart, where a connecting
line would be too clumsy.

Arrows indicate the direction of flow through
the flowchart; every line should have an arrow |
on it.

Here is an example from the Program Library (09100-70014). The
program finds the real roots of £(x).



i

Initial Conditions
in X

*0
CONTINUE
YES / 0-0
2-8 | SET FLAG ]
X +Ax =x No >
" 0-1
L x—d |
2-1 ) 0-3
| Find £(x) |
Y
PAUSE Y=i(x) A
X=x

2-4

Save Ax
]

3-1

/
Stop, user enters Ax
to begin searching for

root

B Not first pass
both £(x) old anV"'

f(x) new are
available
1-8
Recall x
A

Product of
f(x)i . f(x)i—l

YES

YES,ROOT FOUND

Product = 0
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PROGRAMMING

Once your flowchart is written it is necessary to transform it to in-
structions which the calculator can interpret, However, it is not
necessary to learn a program language for the Calculator. Keyboard
operations are the program instructions. Each program step is one
keyhoard instruction. So programming the calculator is as simple as
writing your equation in sequential steps.

Branching and looping instructions can be easily inserted in your pro-
gram by using the qualifying IF keys - which give you capabilities usu~
ally found only on large computors. Changes in your program are
simple to make, too. You may address and correct an individual
step. You do not have to re-enter the entire program.

Once you have your program in the calculator, you can make a perman-
ent record of the program on a wallet size magnetic programming card.
Now your program may be re-entered directly from the magnetic card
at any time,

SET

CLEAR FLAG

FLAG

ﬂa

]
I =
<

FMT x<y

GOTO

e
- R
- VA
- <




Selects the mode of operation.

RUN: used to perform calculations, address the program counter and
execute a program.

PROGRAM: used to enter and verify a program.

Causes an unconditional branch to the program address entered by the
next two keystrokes and by the next two program steps. Each key-
stroke is one program step.

CORRECT INCORRECT
Step Key Step Key
29 GO TO () () 29 GO TO () ()
2a 5 2a 5¢c
2b c 2b

Starts program execution at the present address. If the program has
halted execution at a STOP instruction, pressing CONTINUE will start
program execution with the next program step. If the program has
halted execution at an END instruction, pressing CONTINUE will start
program execution at program step 00. CONTINUE can also be used
as a '"no operation' program step. See the program for N!, page 51.

Halts the program execution and causes a return to the display mode
of operation. The STOP instruction provides an unconditional halt of
program execution for entry of data. Pressing CONTINUE begins
program execution with the next program step. Pressing STOP during
execution of the program will cuase the program to stop execution at
the present program step and return to the display mode. Pressing
CONTINUE will begin program execution with the next program step.
Use the STOP instruction to enter data. With the program at a STOP
instruction any keyboard operation can be manually executed, provided
that no data is stored in a register containing program steps. Storing
data in a register containing program steps will destroy the program
steps in that register.

END must be the last instruction in a program. Halts the program
execution and causes a return to the display mode. The instruction
resets the program counter to 00 so that pressing CONTINUE
begins program execution at step 00.

RECORD: All of core memory is recorded (re-cycling to 00
from dd ) until the 9100A '"runs out' of card.

ENTER: Program is read to first END instruction which inhibits
the reading of any more program steps. Without an END, the
9100A reads until it "runs out" of card; if this happens in the
middle of the program, a program step will be incorrectly entered.
The incorrect step: (1) will vary over about six step range, and
(2) will vary each time the program is entered.

Causes a brief 1/8 second display before continuing with execution of
the program. If the PAUSE key is held depressed during execution of
a program a stop will occur at the next PAUSE instruction in the pro-
gram. Pressing CONTINUE will begin execution with the next program
step. Use successive PAUSE instructions for a longer display.

[PROGRAM | [RUN]

[ ]
()0}

MeCZ—--2ZOO
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PRGM
PROGRAM | |

EST

PRINT

ENTERING
A PROGRAM

This instruction single-steps the program. The display will depend
upon the mode of operation: PROGRAM or RUN. This is the only
instruction that cannot be a program step.

Single-steps the program, displaying in X the program step address
and the code of the instruction in that program step.

Program step 12 contains the SET FLAG instruction; its code is 54.

Single-steps through execution of the program displaying the con-
tents of theX, Y, and Z registers after each step. Enter data at
the proper program step to check operation of the program.

If a CONTINUE instruction is encountered, the Calculator will be-
gin execution of the program. To verify a program with RUN se-
lected, replace each CONTINUE instruction with either a PAUSE
or STOP instruction.

Prints the contents of X, or X and Y or X, Y and Z as selected on the
printer. If no printer is being used, the PRINT instruction will act
as a STOP instruction.

The FORMAT instruction controls the accessory output device. If no
accessory output device is being used, the FORMAT instruction will
act as a STOP instruction.

FROM THE KEYBOARD FROM A MAGNETIC CARD
1. SET:| [RUN] 1. SET:
2. PRESS: GO TO () () 2. PRESS: GO TO () ()
Starting Address Starting Address
3. SET: |PROG| | 3. Insert card, PRESS: ENTER
4. Press keys in pro- 4, PRESS: GO TO () ()
gram sequence, Starting Address

5. SET: . 5. Enter data and press CONTINUE

as necessary for program exe-

6. PRESS: GO TO () () cution

Starting address

The program will exe-

cute the instruction

at the starting address

when CONTINUE is

pressed.

7. Enter data and press
CONTINUE as necessary
for program execution.
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FROM THE KEYBOARD (con't) FROM A MAGNETIC CARD
(con't)

When entering or recording

a program;

(1) Hold the ENTER or RE-

CORD key pressed until the

When entering a program, the ad-
dress for the instruction entered
and code of that instruction are
displayed in the X register.

catd is partially ejected from
2 o the card reader.
B, oo (2) The contents of the X re-
ac---—- 33 gister are destroyed and the

contents of Y and Z are un-

Step 2-c contains the + (add)
changed.

instruction,

See "CORRECTING A PROGRAM'" (page 46) if an incorrect instruction
is entered in the program.

Any address can be used for the first program step. However, a be-
ginning address of 0- 0 is generally used because of the convenience
provided by the END instruction. Core storage is usually used begin-
ning at the top (location 0-0) for program storage and beginning at the
bottom (register f) for data storage.

1. SET:

2. PRESS: GO TO () () (Starting address)
3. INSERT CARD, PRESS: RECORD

Two programs can be recorded on each magnetic card. The programs
are designated A and B. To read or record program A, insert the
card with the A arrow pointing down and the printed side of the card
facing the user. To read or record program B, insert the card in the
same manner with the B arrow pointing down.

To permanently save a program record as program A, cut off the cor-
ner of the card along the tip of the A arrow.

After a program is entered in storage it can be verified by selecting
either the PROGRAM or RUN mode of operation.

1. SET:[ [RUN]

PRESS: GO TO () () (Starting Address)

2.
3. SET: [PROG| |
4, Bach Step PRGM keystroke will increment the program counter.

The X register will display the program step address and the
code of the instruction in that location.

RECORDING
A PROGRAM

VERIFYING A
PROGRAM

Program
Mode

45
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Run Mode

CORRECTING
A PROGRAM
STEP

PROGRAMS
AND
EXERCISES

serr: [ TRON

PRESS: GO TO () () (Starting Address)

Each STEP PRGM keystroke will single-step the program, dis-
playing the contents of the X, Y, and Z registers. Enter data
at the correct program step to check operation and solution of
the program. While editing, replace every CONTINUE instruc~
tion with a PAUSE or STOP instruction. Encountering a CON-
TINUE instruction while editing in the RUN mode of operation
will cause the Calculator to begin automatic execution of the
program.

The key codes are given on Page 154-and on the pull-out instruction

card.

se: [ RON]

PRESS: GO TO () () (Step to be changed)

ser: [PROG] |

ENTER CORRECT INSTRUCTION

a. TO CONTINUE EDITING:
PRESS: STEP PRGM
b. TO EXECUTE PROGRAM

SET: [__|RUN]|

PRESS: GO TO () () (Starting Address)

This section contains sample programs to illustrate use of the arith-
metic, function, and storage keys. It will be helpful to enter the sam-
ple programs and, using the STEP PROGRAM key in the run mode,
execute each instruction while watching the display.

Write a program to solve AxDB

for any A and B.

A+B
STEP| KEY X |y z e | f
O-O|CLEAR | O | O | O | O |O |CLEAR DISPLAY & e&f
O-1{ sToP | A B ENTER B AND A
0-2] X~>()
03| &2 A
0a Y0 STORE A AND B
0-5| £ A |8 0 B
0-6| X AxB
o-7 4 A |AxB O RCcULATE Afs O
0-8| £ | B
0-9| + A+B
O-g|ROLL | A+B |AxB | B P?’%[Té%ﬁcéfﬂ?TéQNgué;I%NT
O-b| -+ a0
O-cirotL Al B |A+B |MBg
0-d| X2y B
-0 2 | A
-1 | eno [ A [ B8 ¥, FINAL DISPLAY
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Write a program fo count by N.
0-0O| cLEAR
O-1 STOP n ENTER n.
_ DISPLAY ; x CONTAINS n
o-2| 4 n_|n*n y CONTAINS TOTAL
0-3| +
0-4| PAUSE
GO T0
05| G0 BRANCH TO
0-6f O CONTINUE  SUMMATION
0-71 3
0-8| END
STEP__KEY X y 4
The program ﬁi g may be written with thirteen steps. The first EXERCISES
instruction should be CLEAR. The last instruction should be END dis- i
playing A, B, ﬁi g in the X, Y, and Z registers respectively. Notice 5
By
it was not necessary to use any of the storage registers. ch
: Write a program to find the value of: x2 +bx + ¢ for real values of L
' X, b, ¢. An efficient program may be written in 9 steps. At END gza
display: ;:
5
Z 0 ggs
Y 0 2
X x2 +bx +c 5 :
Begin with CLEAR and STOP for the user to enter his values of x, b, gg;
and c. s
>$¢;
.
G

Write a program to find the roots of the equation ax2 +bx +¢. There
are several ways of expressing the roots. Try different algebraic ex-
pressions and flowchart the program to see which is most efficient.
Be sure to account for complex and double roots. Does your program
use less than four registers?

A

R

Case 1: a=2 Case2: a=1 Case 3: a=1
b=29 b =-2 b =3
c=4 c=1 c =6.25

Answer: Answer: Answer:

-0.5, -4.0 1, 1 -1.5 + j2
-1.5 - j2
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BRANCHING
LOOPING

AND

CONTROL KEYS

IF
FLAG

SET
FLAG

These instructions cause a conditional branch to one of two program
locations dependent upon the contents of the X and Y registers.
IFX<Y

IFX=Y

IFX>Y

If the condition tested is met, the program will either branch to the
address stored in the next two program steps or, if no address is
given, execute the instructions in the next two program steps, and
continue with the third program step following the conditional branch
instruction. If the condition tested is not met, the program branches
to and executes the third program step following the conditional branch
instruction.

If the contents of X = 6, and the contents of Y =5, the condition

(IF X > Y) is met. The program will branch to step 08, the address
given in steps 03 and 04, and enter 1. in the X and Y registers. If
the contents of X = 2. and the contents of ¥ = 5., the condition is not
met. The program will branch to step 05 and enter 2. in the X and Y
registers.

STEP KEY STEP KEY
0-0{ cLEAR 0-6 A
O-1 STOP 0-7 STOP
0-21 IFx>y 0-8 1

0-3 0 0-9 A
0-4 8 0-a END
0-5 2

If the contents of X and Y are eqial, the condition (IF X = Y) is met.
The program will execute steps 03 and 04 and continue with step 05,
calculating x + y  and entering the answer in X. If the contents
of X and Y are not equal the program will branch to step 05, calculate
the product of X x Y and enter it in X.

STEP KEY STEP| KEY
0-0 CLEAR 0-4 A
O-1 sToP 0-5 X
0-2| IFx=y 0-6 ¥
0O-3 ] TO POLAR 0-7 END

This instruction causes a conditional branch to one of two program
steps depending upon whether or not the FLAG was set, either manu-
ally or by a program step, with the SET FLAG instruction. The con-
dition is met if the FLAG was set. Branching after the IF FLAG in-
struction is the same as for the conditional branch instructions given
above. The instruction also clears the FLAG.

Set the FLLAG condition which is tested by the conditional branch instruc-
tion IF FLAG. This instruction and the IF FLAG instruction allow the
operator to control program execution by either manual entry or pro-
gram step entry of the SET FLAG instruction.



B
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If the FLAG is set, multiply the contents of X and D and branch to the ‘f'_?g
beginning of the program. ¥ the FLAG is not set, multiply the con- ,‘»’F
tents of Y and d and halt execution of the program. %
el
g
SOLUTION o
STEP KEY |F THE FLAG IS SET
0-0 CLEAR 0-2 Continue with step 03 and clear the &
O-1 STOP FLAG
_ 0-3 Set the FLAG; we'll need it again
O-2] IFFLAG 0-4 Exchange the ’contents of Y B
0-3| SET FLAG 0-5 With the contents of d -
0-4| y2u) 0-6 Xx Y=Xxd
0-5 Iz 0-7 Branch to step 0-1 (address given in i
steps 08 and 09) and clear the FLAG.
0-6 X
O-7| IF FLAG
0-8] O
0-9 1 IF THE FLAG IS NOT SET
O-a END 0-2 Branch to step 0-5 )
0-5 Recall d to the X register
0-6 XxY=dxY
0-7 Branch to step 0a and END.

The only sequence of instructions after a conditional branch instruction
which will not give the expected results is a numeric or alphabetic in-
struction which will not give the expected results is a numeric or alpha-
betic instruction followed by a non-arithmetic or non-alphabetic instruc-
tion. The program will branch to the address (X) (Y) given by the nu-
meric or alphabetic instruction (X) and the second digit (Y) of the third
instruction following the conditional branch instruction. The program
will also execute the instruction in the second program step following
the conditional branch instruction.

STEP KEY

0-4| IFx<y

0-5 2 o

0-6| RoLL ¥ &

o7 = .
gat
e
i %]

TR

EXAMPLE

EXAMPLE
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If the contents of X = 3. and the contents of Y = 5., the condition

(IF X < Y) is met; the program will continue to step 05. The ROLL +
instruction will be executed and the program will then branch to step
27. This is determined by the 2 in step 05 and the second digit of the
coded instruction in step 06, rather than entering 2 in the X register
and performing the ROLL ¥.

EXAMPLE CALCULATE N FACTORIAL (N!)
N =N(N-1)(N-2)... (N- N+2)(1)

6!
0!

6 (5) (4) (3) (2) (1) =720
) «

00 ¥ CLEAR 16-19
PRESS! DISPLAY
0. — 2 o, z
0, ~— ¥ CONTIE | Ny y
0, — X N —x

B ob |YES 10,4512
o 01 STOP
s NS X enru—ex CALCULATE
: PRESS! 03
CONTINUE —

1L —X
.-
i

T

2 The IF X=Y is met at step 04 if N=0; set 0! =1.
N' is the partial product calculation. Each IF X>Y
é at step Ob not met develops next partial product.
2 After 1st pass, N' = N (N —~ 1). After 2nd pass,
- N'=N(N~-1)(N-2)

S

i



CALCULATE N FACTORIAL (N!)

STEP| KEY y z f
0-0| CcLEAR 0 0 0
O-| STOP N ENTER N—+»X
0-2 X->0)

0-3| £

0-4 IFx=y

O-5| CONTINUE

0-6 1 r

0-7 A N N

0-8 A N N N
0-9 1 |

O-a — ! N-1 N
O—b IF x>y

C-¢ 1

0-d 6

1-0| rott ¢ N 1

| =1 X N(N-1)

[-2| ROl A N-1 IN(N-])
|-3|covol ) )

-4 0

-5 9

-6 O N- I N!
-7 | ROLL NI 0
(-8 £ N! 0
|-9 END NI 0O

e

RS

A blank register indicates the contents of the register are unchanged
from the previous step.

This is a good example of using the ACC+ key and a counting routine.
2
2%
N N
number of data points.

where Xi are i data points, and n is the

=

A

o +,’_ RN
SR

-k:':%
A

R
ﬂ:'.-i'in

s

o

B

ol

EXAMPLE
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EXERCISE
PROBLEMS

o

i
5:

oo

R R R R R R

e

o

B2

R R

R
5

0-0 CLEAR ‘
LX) —JLSTORE COUNTER
el d (N)

3 STOP X;
4 A
5 X Xi X;2 £X; =X
6| acc +
7 d N
8 A N
2 1 : INGREMENT
g + N+l COUNTER
bl y->U)
¢ d N+
d IF FLAG
IS THERE
-0 L MORE DATA ?
! 5
GOTO
: L BRANCH FOR
2 0 NEXT DATA
P 3 ENTRY
5 A N
6| RcL =X | =X
7| ROLL A N =X | =X®
8 = EXi/N L COMPLETE
ol X2y |Xiy| n CALCULATION
a| ROLL N X2 | £X; AND DISPLAY
’ /N RESULT
b — =X
c END No[EXE [ By

Write a program to find the sum of the odd numbers from 1 to N. Your
program should stop for the operator to enter his value of N. An effi-
cient program has 23 steps. Display N in X and the sum in Y.

Write a program to take repeated square roots until N is = 1. 000000000
count the number of square roots taken., Your program should stop for
the operator to enter his vanue of N.

Write a program to find sin X accurate to 1077, Use
3 5
sin X=X - 2{._ + Z(__.
3! 5!

In this program it is important to consider execution time as well as
minimizing the program steps. Pace a PAUSE after calculating each
term to display it. Count the number of terms in the series. Check
your degree-~radian switch.
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These are the first things to check for if a customer calls and says
that his diagnostic program works, but that his own program doesn’t.

£

COMMONLY
CONFUSING
PROGRAMMING
OPERATIONS

o
o
oot

son
3

SRR

Each keystroke is ONE program step.

If you add or remove program steps it may be necessary to
change the addresses of your branching instructions.

S

A

3. Do not enter the decimal point in the program address--even
though the address is displayed with a decimal point on the CRT.

4. The contents of the address xx are not displayed when in the
"RUN" mode. The Calculator is commanded to "GO TO" xx
and is then switched to the program mode. It is necessary to
press STEP PROGRAM once in order to display the address
and contents. Or you may also press the first key in your pro-
gram and it will be correctly stored in location xx.

5. Be sure the DEGREE-RADIAN switch is properly positioned be-
fore executing your program.

6. Encountering a CONTINUE instruction while stepping a program
with ""RUN" selected automatically continues execution of all
instructions until a STOP or END instruction is encountered.
For verifying a program with “RUN" selected, replace each
CONTINUE instruction with a PAUSE, STOP.

7. When programming, do not enter the instruction code number,
simply depress the desired key and the proper code is automa-

53
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oA

BB

AR o e A

. tically entered.
8. The Calculator records instructions from memory onto a mag-
netic card until and END statement is encountered. Be sure
the last instruction you want recorded is an END instruction,
and there are no END statements in the middle of your program.

9. When entering a program with the magnetic card reader, be sure
the mode switch is in RUN, rather than PROGRAM.

10. If a conditional statement tests true and one wants to branch, it
is not necessary to use a "GO TO'" statement after the second
instruction following the conditional statement.

11. If you wish to branch to a new location on the false condition of
a conditional instruction, you must use GO TO in the third step
after the qualifier.

12. If program steps stored in a particular register are recalled to
the X or Y registers, the program step in the a or b subregister
may be destroyed.

SR

SRR

13. If you see a string of octal code, 40, you're looking at a regis-
ter which has had data stored on top of your instructions.

PPN

SPECIAL
PROGRAMMING
TECHNIQUES

While writing programs for the Calculator, users have discovered and
documented special programming techniques which may help you to
make your program more efficient,

53
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ENTERING
A
CONSTANT

SUM OF THE SQUARES

SPLITTING A
REGISTER

During program execution a constant can be entered in the X register
by program step entry rather than using a complete register to store
the constant and recalling it when needed.

0101810

After program step 26 is executed, 2.13 will be in the X register. In
cases where a constant is entered and used many times it may be more
efficient to store it rather than re-enter each time it is required.

Problem: Calculate :\/PZ + QZ

STEP| KEY |STEP| KEY STEP| KEY
O-O[ENTERP|0~5] X 0-0| ENTER P
o-1| 4 |0-6| 0-1 A
o0-2| X lo-7| + 0-2| ENTER Q
O-3|ENTERQ|O-8 ¥ 0-3| TO POLAR
0-4| A |0-9| {x° W+X

W—»x

Problem: Save a storage register by storing two integers P and Q in
one register.

KEY KEY
ENTER P ENTER P
A A
ENTER Q 1
1¢ A
ENTER Q
ENTER IO{ -
O —
- ¥
v +
>0)
yj” 34 }P.I/Q—-Y,f
PAQ—Y,f{ el
F FOR P=5,0=4; 5.25 —»Y" f
FOR P=8,0=8; 8.5-=Y,f
F 1 ’ T,: l
TO OBTAIN A
A P AND Q intx
int x -
— X2y
xo Py
4 1
ENTER |o{ ENTE: EXP Xy
% ;
P—z,Q —»Y
P—=Z,Q—>Y



Pressing ENTER EXP causes the following CHG SIGN and digit entries
to be entered as the exponent of X. After ENTER EXP is pressed,
pressing the decimal point key will return the control of the CHG

SIGN and digit keys to the number in X.

() &)@ ()

OEGEE

Any number with an absolute value of less than 1 x 10" must be
entered using the ENTER EXP key. It cannot be entered in decimal
format.

For example, 1x 10710

8]010101010/0]10]0]1010

The e and f registers can be used for program steps. However, each
must be addressed with a GO TO(e) (0) or a GO TO (f) (0) to enter
program steps. e0 is displayed as -.0 and {0 is displayed as 10.
The step following ed is a0 and following fd is ¢0. Branching to any
other address requires direct branching with the GO TO() ()
instruction. The e and{ registers cannot be recorded on the
magnetic card.

Frequently, it becomes necessary to store a group of constants in
just one register. The following routine shows how each constant is
stored in one register and later isolated for recall.

Twelve digits per register may be used for packing constants. (Even
though only ten digits per register are displayed twelve digits are
carried in the register). Assume the following constants are to be
stored in one register: 18, 63, 15, 9, 79, 80. This can be accom-
plished by storing them as one compound number 186315097980. Note
that a zero has been added to preceed the 9 so that each constant has
the same number of digits. The following program stores all the
constants in register f and extracts one of them; in this case 15. The
program is easily modified to extract any constant from any group

of 1- & digit constants. ‘

NUMBER
ENTRY

PACKING A
REGISTER
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PROGRAM STEPS &

DATA IN SAME
REGISTER

R AEIERASORO

b
%

OUND
|| stor  [i8eais097980 0 Bl COMPOLN
2 X>()
3| F STORE IN f
4 A 186315097980
ENTER EXP . MOVE DECIMAL TO
S ; 10008 >1EFT OF DESIRED
6 8 1O % [0 CONSTANT
7 — 186315097980 |
8 v 1863.15097980 0
o 4 1863,/5097980 | ERASE_CONSTANTS
: TO LEFT OF
aj intx 863, DESIRED ONE
b - .15097980 A
C| ENTER EXP 1.0
.0 x 102
d 2 Lo x1 ERASE CONSTANTS
-0 X 15097980 >T0 RIGHT OF
| \l, 15.097580 0 DESIRED ONE
2 intx 15 |
3 END 15 0

'Can you store program steps and a constant in one storage register ?"
In a manner of speaking, YES. One useful application is to use the
data half of this split register as a counter since we don't need all 12

digits of the number (we never count to 1012), However, there are two

restrictions. First, let's see how an add operation with a carry from
Dg is performed.

Assume:
D9D8D7D5 D5D4D3 DleD0 GlGO ElE

= 9.8 7 86 5 4 3

1.1 11 111

X =
and we push the key.

Go, Gl’ DO' Dl’ D2 are zero in X and Y. An addition will result in
987 654 in the D8 - D3 positions of the Y register. When the most
significant digits (Dg) are added a carry bit is generated. Dg can'tbe

10 so the result in Y ‘must be normalized; in this case, shifted to the
right {(as you view the CRT) and the exponent adjusted accordingly
{incremented by one). After the shiff of the answer Y contains:

o ©
o O o

D b, b, b, bD. D, D, D, D, D GlG E. E

2 71 70 0 7170
1. 0 9 8 7T 6 5 4 0 1
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If a constant and program steps are stored in the following manner:

80 81 82 83 84 85 8

o2

8

=3
o
<o
fo=]
©0
fos]
o

@
fay
o]
(¢

o)
o,

R S B D3 D4 D5 D6 D7 D8 Dg EO E1 GO G1
cC I N D ES
L N D S

and carry bit is generated in Dg, the program step in 80 (correspon-
ding to Dg) will shift to the Gy position and will never be executed.

80 81 82 83 84 85 86 87 838 89 8a 8b Bc 8d

SED2D3D4D5D6D7D8D9EOE1GOR

I N D E C
s s

N D L

We've therefore lost a program step if a carry is generated in Dg.

All you have to do to avoid this is initially put 1000 (for instance) in

the register and count by one, now carrys are generated in Dg and
propagate to Dy. Carrys cause a change in the value of Eyp, but neither
data nor instructions are stored there. You'll never count past 9999
when a carry would be generated in Dg. You must manually enter
zeroes in digit locations up to and including Dg, enter 1 in Dg and 03

in EQ and zero in E1. That is one limitation, though quite easily
overcome.

. The second limitation is more serious. Any instruction with an octal
code in the 20's, 30's, 60's or 70's cannot be used. This is because
the 20 bit (F24) in the 40-20-10-4-2-1 octal system is lost except in
Dg and Ey. F24 contains the 20 bit if a program step is stored or
the minus sign if a number is stored. When reading Gp - Dg the sign
information is lost; the 9100A doesn't care what the sign is until Dg is
reached. So if 80, 81, 82 respectively contain octal codes 23, 34,

67 the codes after an add would be 03, 14, 47, the 20 bit being lost.

Another technique which your customers may want to use is trans-
ferring a complete register of program steps using the yZi» key.

It can be done but again with a restriction on ¥24 of character location
a and b in the register. F24 is the 20 bit in the octal code and F24 =1
means there is a 20 in the code. The following table shows when F24
of character locationb is lost.

F24 =1ina F24 =0ina
4. Lose
F24=1inb 24 in b OK
F24=01inb OK OK

R

Do

SRR

Lost
Instruction

Octal Code
Limitation
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LOOPING

COUNTING

A AT
R

Normally, exiting a loop when the condition is false rather than true
will save writing a GO TO instruction.

2

s X X X X
f? X X IF x>y
;ﬁ}:e X X X X
e X X X X
i

b IF X<y GoTo( ) }
]

gzﬁ X X X X
o X X X X
i’ X X X X

It is often necessary to use a variable to count the number of times
that the program executes a series of instructions. (loop) The vari-
able is usually increased or decreased by one each time the loop is
executed. When the variable reaches a pre-determined value gener-
ally the program will branch to an address out of the loop. Here are
two counting routines. The first increments the variable by one until
it equals N and then branches.

S

. STEP| KEY | x |y | z
g&g 0-0| CcLEAR
fg § | STOP n
ot
gj 2 A n
i 3 1 !
e 4| Acc +
o 5| _F
£ 6| Fx<y
. 70O
i 9 END
22 Uses only one-half of vector accumulator.
This routine will decrement from N back to zero.
STEP KEY X y z f
0-0Q| cLEAR
| sTOP n
2 X->{}
3| £ n
4 1
5| acc —
6 RCL
71 IFx>y
8 0
9 4
a END




This technique is useful in applications such as a moving average in
which the entry of each subsequent value displaces the contents of
every register in the sequence:

new

data

o Y/‘a\_/b\/vc\/'d\_;l

If the new data is in the Y register, this series of instructions will
accomplish the shifting:

slolzlolzlelzlolzla

Occasionally, one's program is so long he needs more than the sixteen
registers for program instructions and data storage. A series of pro-
grams may be linked together by storing intermediate results and en-
tering the next program stage from a magnetic card. Using this tech-
nique there is no limit to the number of program steps available. Re-
member the Calculator records instructions from memory onto a mag-
netic card until an END statement is encountered. Be sure the last in-
struction you want recorded is an END instruction.

In the sum of many terms such as an arithmetic series, it is often
necessary to alternate signs before adding the next term. In this
series, the flag is not set on the first pass.

If the first term is (+) use:

sielglolollclclelele

If the first term is (-} use:

sisl=lololclelc]clelela

DATA
REGISTER
SHIFTING

LINKING
PROGRAMS
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TEST FOR
EVEN OR
ODD NUMBERS

COMPUTING .
SINE 8 AND .
COSINE ©

INSERTING
PROGRAM
STEPS

AR ARG B

RS
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For the first pass through the loop the flag is not set. Here is a use-
ful technique for testing whether a number is even or odd:

Enter number in X register
ﬂ ) n resT*

* JF X =Y tests true if even
IF X <Y tests true if odd

A quick method for computing both sin 8 and cos 6 is:

Enter 6 in Y register
Enter 1 in X register
Depress TO RECT

The Y register contains sin @ and the X register contains cos 6

It is possible to insert several program steps in the middle of an ex-
isting program without re-writing the entire program. It may be done
in one of two ways. As an example refer to the prime number program
(follows)., There are two PAUSE statements in the program: Step 2c
and Step 6b. For the following examples it is convenient to work with
the latter.

Example 1

In this case replace Steps 6b, ¢, d with GO TO (8) (4) in PROGRAM
mode. Flip mode switch to RUN and GO TO (8) (4). Flip mode switch
to PROGRAM and insert desired modification - PSE, PSE, PSE, PSE.
Steps 6¢c (YE), 6d (a) may now be entered finishing the program with
GO TO (7) (0), END.

Aesthetically this modification leaves something to be desired, however,
there is no interference with loops within the original program. The
only concern is that the added steps must not over flow into data

storage register.

Example 2

With mode switch in RUN, GO TO (6) (c), enter blank card and depress
RECORD. We now have Step 8¢ through 84 recorded on the card. Go
to 6¢c and flip mode switch to PROGRAM entering PSE, PSE, PSE.

The last PSE is in Step 70. Flip mode switch to RUN and GO.(7) (1),
insert card containing 6c through 84, and depress ENTER. The entire
program may now be recorded on a card., One must make certain

that there are no branch designations in the shifted portions of the
program, I this is the case the origins must be modified accordingly.




PRIME NUMBERS

0!

25

12
57
24

13
Ol

33
24
13

24

PAUSE

()

—-
P

()

+

()

—
«

!
!

[ Oy

1
2y

4 |y

|
|
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Wang stresses their building block approach to solving customer pro-
blems. The building blocks are not all compatible and increasing cal-
culating capability usually involves replacing the keyboard and often
the arithmetic unit itself. Additional storage must be installed se-
parately for each keyboard; it is expensive and the cost runs up quite
fast as you attempt to match the 9100A's capability.

Time-sharing is both inefficient and expensive. Only a small part of
the system is actually shared. Keyboards, data storage, and program
storage are not shared. The only part shared is their equivalent of
our X and Y registers!

Sell the 9100A! Stress these features:
Trig function keys

Magnetic card programming
Dynamic range

Floating point

Ease of programming

O e WO

Each model number represents only one part of a system, so several
model numbers must be considered together when comparing Wang
with the 9100A.

Arithmetic Units (Electronics Package)

300E 31,240
Standard calculator, basic arithmetic
operations.

300SE 2,480
Standard calculator, basic arithmetic
operations with connections for four re-
mote time-share terminals (simultaneous
electronics).

310E 1,435
Standard calculator, basic arithmetic
operations with_/x and x2 ability. Aimed
at statistical applications.

310SE 2,870
Basic arithmetic with,\/g, x2 ability and
"simultaneous electronics'™ capability.:

320E 9 x 1,625
Arithmetic,./x, x”, " and Iogex ability.

320SE 9 x 3,250
Arithmetic,\/{, X, e, logex and time-
share ability,

WANG
BUILDING
BLOCKS

WANG
TIME
SHARING

WANG
MODELS

x>

e
R
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360E 2 x $1,995
Arithmetic, /x, x°, €7, 1oge X, with 4
storage registers.

362K 2,295
360E with 12 storage registers.

Keyboards

300K 450
Standard calculator keyboard arrangement
for use with 300E.

310K 460
Standard calculator keyboard withi and
x2 keys. For use with 310E,

320K 9 470
Calculator keyboard withJ;, x7, log x,
and eX keys. For use with 320E.

320KT 9 920

X . . . .
J;, x7, €7, log_ X% keys with built-in wired
programs for sin x, cos X, arc sin x, and
arc tan x.

320KR 920
320KT for angles measured in radians.

360K 9 - 500
\/);, X", logex, € keys (no trig keys) with 4
additional storage registers. Storeo, S’core1

Storez, Store3 keys as well as Recallo, Re-~
calll, Recallz, Recalls.

360KT 950
360K with four trig keys as on 320KT.

370, 370-2 1,200
Programming keyboard (370-2 for use with
362E). Performs standard keyboard data
entry and display and provides sequencing
logic for card reader programs. Card pro-
gramming. No trig functions on keyboard.

380, 380-2 1,500
Essentially the 370 keyboard except that
programs are stored on magnetic tape car-
tridges. No trig functions on keyboard.

Card Readers

cP-1 | 800
Reads 80 step, two digit octal codes. Used
with 310K, 320K, or 360K keyboard.




Reads 80 step program card. For use

with 370. As many as six card readers
may be linked together (at $800 each) allow-
ing up to 480 program steps.

Data Storage

372 1,000
16-10 digit registers.

373 2,500
64-10 digit registers.

Output Typewriter

379-5 & 7 1,500
IBM Selective Typewriter

3176 1,400
33ASR teletype with typewriter keyboard,
paper tape reader, and tape punch. (needs
377 control unit).

3 1,400
Control unit for 376.

External CRT Display

379-9 & 10 2,500
CRT display and control unit. 8 cm x 10
cm screen.
Trig Pack
379-12 1,200

Provides sin, cos, arc sin, arc tan, and

T in two keystrokes. May be used only

with Series 370 and 380 systems. Trig
functions are available in all four quadrants.

Card Reader Interface

379-13 800
Up to six 371 card readers may be interfaced
to a 380/380-2,

External CRT Display

379-9/10 2,500
51/2" x 81/2" screen. At first glance this
appears impressive, Closer examination,
shows that it is quite slow, has no X-Y scale,
and a photograph is required to obtain hard

copy.
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RECAP

Interface
379-8

Accepts data from digital voltmeters,
electronic counters, etc., for the opera-
tion of 370/380 calculating systems with
measuring instruments.

Seem complicated? That's because it is!

TYPE

Arithmetic

Arithmetic
Keyboard

Card
Reader

Programming
Keyboard

Data
Storage

Output
Typewriter

FUNCTION

Arithmetic operations, including +, -,
X, +, X%, X, loggX, €%, SE= simul-
taneous operation, up to 4 keyboards.
362FE has 12 storage registers,

Data entry and display. Arithmetic
operations

For use in conjuction with keyboards,
each reader holds an 80 - step program
card,

Data entry and display, learn and op-
erate programs.

Store input data, intermediate or fi-
nal results, 10 digits/register. Mo-
del 372 has 16 registers, Model 373
has 64.

Type contents of display register in
proper columnar format with alpha-~
betical headings and messages. 376=
Teletype #33ASR, 377 is ifs control
unit; 379-5 = IBM Selectric with con-
trol unit.

$2,600

MODEL

300E or SE
310E or SE
320E or SE
3601
362E

300K
310K
320K, KT
or KR
360K, KT
or KR

3171
CP-1

370
380
380-2

3172
3173

376 /377
3795




The following show a typical Wang electronics pack and keyboard.

362E ELECTRONICS

WEAK POINTS

Dynamic range from e_40 to e40, approximately .43 x 10_17 to 2.35 x

Dynamic Range
1 01 7

. The effective dynamic range is 107° to 109.

Because fixed point notation is used, numbers less than one lose signi-
ficance seriously. (Wang "automatically' places the decimal point in
the correct position--if you don't exceed 109 -- and calls this "floating

Fixed Point

point''.)
a) (.00001234)2 = ,0000 0000 9 on Wang, should be 1.522756 x 10”10
/2
1
b) = 9853.29 on Wang, should be 9876.
((9876)2 )

Overflow is indicated by a flashing decimal point not easily noticed.
Unpredictable answers result. The same flashing decimal point indi-
cates that you have exceeded 109 and should move the decimal point
over ten places to the right. You then must check to see if you are
still within the 1017 constraint. So for all practical purposes, the
upper limit is really 109!!

Overflow
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Difficult
Programming

Hang Ups

Trig Functions

Time Sharing

‘Tedious programming! An IBM porta-

punch is used to punch operator codes ot iatwarce ou ey ah © ke

: R
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The wrong sequence of keying at any one of the four keyboards which
can share the calculating electronics package can cause a hang up
which requires going to the location of the electronics package and
pushing the prime button. Hang ups spoil the calculation at all 4 out-
put channels.

No trig keys on 370 and 380 keyboards. A card for trig functions
must be read by the 370, and a tape subroutine is needed for the 380.
The 379-12 Trig Pack can be added for $1, 200 to either keyboard.

Trig functions on the KT keyboards are for 00 — 90° only. Their ac~
curacy is 107° for sin and cos, 10-5 for arc sin and arc tan. Trig
functions are derived by a series expansion and computation time is
about 3.5 seconds.

vPime-sharing' is used loosely by Wang. '"T" connectors automati-
cally sequence interlinked keyboards on a basis of first-on-first-
served and registers cannot be shared. Some pre-arrangement must
be made by users as to which register may be used at a given time.
And only one trig keyboard per system is allowed. Also, there is
only one displayed register.




Installation costs for remote terminals could be $1, 000 or more.
Connectors are $25 and cable costs $1/foot. Labor for installing ca-
ble in an area not previously designed for calculator cable is quite
high.

Slow magnetic cartridge. 18 program steps per second. The Wang
380 system cannot store program instructions internally (no core
storage!), The 380 system is offered with three different program
lengths. The longest is 640 steps. Individuzl steps are addressable:
but it may take as long as 34 seconds to search the tape and locate a
step on the long tape. A customer would be wise to use the shortest
possible tape on any given program. The speed of the tape cartridge
cannot be varied, so program speed is limited by the slowest opera-
tion available. This suggests that the trig keys will not be incorpor-
ated on the keyboard directly but will remain as subroutines in a sep-
arate package.

Small register size. 10 digits plus sign and decimal point,

Separate trig keyboard is required for angles measured in radians.
(KR keyboards). Again, first quadrant only.

Program correction on the 380 tape system is awkward. Tape marks
can identify blocks of tape, but a particular step cannot be directly
addressed. By using the tape marks and display program key, it is
possible to locate a particular step. This is fine if you are certain
which step is fo be corrected. If not, after displaying the step, you
must proceed all the way around the tape loop again to correct it.

(As in 9100A, once you display the step you must re-address the step
to change it.) Card programs are corrected by patching up the holes
and repunching or repunching the entire card.

No rectangular coordinates to polar coordinates keys.
No hyperbolic functions keys.

Test zero. The Wang test zero operation tests for a zero only in the
most significant digit position. To test 10-7, the machine must loop
through the program steps seven times testing each digit.

Wang's qualifiers consist of test zero, test overflow, and test positive.
Only test positive is available on the keyboard and toggle switches
must be used for the others. This is a little clumsy. Toggle switches
are also used for indirect addressing,

Speed

Toggle Switches
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STRONG
POINTS

Programming

MINIMUM
WANG
CONFIGURATIONS

Cheaper configurations for users who may not need trig functions,
qualifiers.

Building block approach. If the prospect can clearly define exactly
what capability he needs, he can buy only that configuration.

Time-sharing. Four keyboards on one electronics package could be
economical.

Printing capability.

Wang obtains scientific notation by storing the base in one-half regis-
ter and the exponent of ten in another. This enables them to signifi-
cantly increase their operating range and display results in floating
point. To do this they use logarithms. The 9100A can be programmed
in a similar manner to increase its dynamic range.

Subroutine capability. The Wang 370 and 380 make use of Search &
Return and Return operations to insert subroutines in programs. The
program counter records the step number to be executed after execu-
tion of subroutine. This counter makes it possible for the same sub-
routine to be used in several places in the program without having to
write it over each time. This is a very useful feature.

File protection is available for the 380 magtape cartridge.

Step program is available in either the program or run mode on the
380. In addition, when stepping through a program in the program
mode the octal code of each step is displayed and at the same time

the instruction is executed as if it were in the run mode.

380 tape programming is accomplished by keying in the steps directly
from the keyboard, as on the 3100A. No octal code conversion, such
as on their card programming models, is required.

Indirect addresgsing of 373 auxiliary data storage. The 373 can be
addressed indirectly through a pair of registers identified as the row
and column counfers. Store Indirect and Recall Indirect commands
allow sequential storage or recall of data row by row, column by
column, or in lines diagonally across the 8x8 memory matrix. This
is particularly useful for matrix manipulation.

1. Roots of Functions (09100-70014)
f(x) = x> - 16x% + 3% - 90
360 + 370 + 372 + 371(3) = 5, 995

2. Traverse Closure (09100-74001)
360E + 370 + 371(2) + 372 = 5,395

3. Mean, Variance, Standard Deviation
360E + 370 + 371 =3,795



4. Linear Correlation (09100-70803)
360E + 370 + 371 = 3,795

5. Linear Regression (-70803)
360FE + 360K + 371 = 3, 265

8. Solution of n Simultaneous Equations
(2 to 7 equations)

320E + 370 + 371(2) _ 313 =6,925

7. Roots of functions (-70014)
360E + 370 + 371(3) + 372 = 6,595

Dr. An Wang, President, was born in China. A harvard graduate, he
started Wang Labs in 1951. Dr. Go Yao Chu, Vice President, was al-
so born in China and received his Doctor's Degree from M.I.T.

Wang Labs is located at Tewksbury, Mass. and has about 400 employ-
ees. 1966 sales were $2.6 million; in 1967 their sales were $6.7;
1968 sales should be about $15 million. Warner and Swasey Company
own 25% interest in Wang., The Wang family owns 63% of the stock
which was first publicly sold in 1967, The price of the stock has
ranged from 12 1/2 to 81,

Mathatron is another company that sells time-sharing as an important
feature. However, there is no program storage capability at the re-
mote terminals, so that a program must be keyed in every time it is
used. Mathatron is not programmable in the usual sense. It has no
capability for conditional branching or compares. Formula stor-

age is their term.

Sell the 9100A! Stress these features:
1. Programmable.
2. Dynamic range.
3. Low cost.

PKB keyboard and Central Station $6,750
Keyboard 950
Central Station 3,450
Expanded Memory 3,300
Page Printer Control 950
Page Printer (8 1/2") 1,850
Perforated Tape Reader 4175
Perforated Tape Punch 150
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GOOD
FEATURES
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T

PKB $6,750

4280A $9,990

There are good features that you should be aware of:
1. Central Computing Station which can be connected to remote key-
boards using a telephone connection or a standard two wire con-
nection.

2, Serial strip printer.
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3. TFloating point and enter exponent key.

Power log key. This key raises a number to a whole or frac-
tional, positive or negative power, with the use of logs or ex~
ponentials.

5. Parenthesis. These are keyed directly as they appear in the
equation.
Example:
(513 + 64) + (8x14.7) (1.416 + 3) = .144 541 421
Keystrokes:
(513 +~64) +(8x14.7)(1.416 +3)=27key-
strokes
This problem takes 33 keystrokes on the 9100A.

6. Expanded memory allows conditional branching, additional stor-

age. Expands formula storage to 480 algebraic steps. The
Central Station has only 8 registers.

7. Four separate keyboards available.

a. Surveyor. Keys: arc tan, radians to degrees, sin, cos,
bal. The trig functions work in all four quadrants.

b. Scientist. Keys: log, tan-1, sin, s(x2), S , r(correla-
tion coefficient), t.

c. Statistician. Keys:y, , s(x2), r, t. PDA (paired data
analysis).

d. Mathematician: Keys: log, 3x3 (determinants), 25 (two
simultaneous equations), sin, tan-1,

These are some limitations you might keep in mind:

1. No conditional branching or compares.

Range 10742 ¢ 10%98,

Slow.
No way to store program from remote keyboard.
Remote keyboards are not simultaneous.

9 W N

Mathatron was acquired by Barry Wright Corporation in 1965. Matha-
tron's sales are about $2 million annually, employing about 100-150
people and lost money in 1867,

Olivetti has a large sales force and a printer. The machine was de-
signed for business applications. It has no engineering keys, no sci-
entific notation, limited range, is difficult to program, is noisy and
slow.

Sell the 9100A! Stress these features:

1. Scientific keyboard.

2. Dynamic range.

3. Easy Programming.

4, Floating point notation,

The Olivetti Programma 101 has av’ key, 10 storage registers, and
a program capacity of 120 instructions. The Split / key divides a

TR
SRR
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LIMITATIONS

OLIVETTI
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DISADVANTAGES

register into two equal parts. The V, W, Y, and Z keys direct the
machine to a particular program or subroutine. The free registers
have a capacity of 22 digits plus decimal point and sign. Programs
are stored on 9 1/2" x 2 3/4" magnetic cards. It has printed output
on a paper tape roll. The Programma sells for $3, 850.

Programma 101

Keyboard

The sequence of steps required for the simplest operations are very
cumbersome. The Olivetti representative prefers to work from pro-

gram cards and doesn't like to write programs in front of the custo-
mer,




Not only is the P101 difficult to program there is no display of inter-
mediate results so that you don't know until you are through the pro-
blem (or get a lock up) if you are proceeding properly, And the ab-
sence of the CRT makes programs extremely difficult to debug.

The 22 digit capacity, fixed point notation, is a severe limitation.
Olivetti calls their "automatic'' decimal point ''floating point*,
but it is not scientific notation.

EXAMPLE: Set decimal wheel at 15. Divide 1 by 10™

a. Enter 1. This will take 15 storage digits.
b. Enter ,0001., This will take 4 storage digits.
c. Divide. Result takes 4 storage digits.

The total of 23 storage digits exceeds the capacity of the machine and
it locks up. By the same rule one cannot multiply two 12 digit num-
bers together and obtain an answer which would be accurate to 24
places,

There are no trig, log, polar, rectangular, hyperbolic keys. Any op-
eration that is not arithmetic, except f must be programmed as a
separate subroutine,

The Olivetti representative will turn off his machine during a demo
because you cannot talk above the noise. And becuase of no power
protect capability, he casually re-enters his program when he turns
the machine back on.

It takes 2 or 3 seconds from the time a card is put into the card feeder
until it is loaded into the machine. To calculate the sine of 1.57 R
takes 37 steps, 27 seconds.

Often in a program an entire register is inefficient for storing a small
constant, such as 31.68. In these cases, the digits and decimal point
would be entered as separate program steps (3, 1, ., 6, 8) requiring
5 steps instead of 14 steps of a full register, This is referred to as
"generating constants''. Olivetti’s method for this is unbelievable!
Constants themselves cannot be entered. Program instructions re-
presenting constants are used, Not only that, but they must be enter-
ed in reverse order! Beautiful! Olivetti's generation of 31,68 would
be:

A/1 To start special series of instructions

B ¢ 8
RX 6
rR/V 1.

D § 3andtermination of special instructions.

The P101's qualifier capability is quite limited and very awkward.
Comparison in the 9100A manner, X > Y, is not possible. The only
straight forward comparisons that can be made are X > 0 and X < 0,
The machine cannot directly differentiate between zero and negafive
numbers, This distinction is a two step procedure.

CONSTANT
GENERATION
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Their printer is certainly their strongest and most persuasive point.

Olivetti makes a big deal out of their ability to split registers with a
keyboard key. However, if you split a register the number which is
stored is seriously limited, and you must be extremely careful that
the figures you put in do not exceed the eleven digit capacity. Num-
bers of less than one lose significance seriously. For example,
1.23456789 - 10-15 would be stored as . 00000012345, If you exceed
the capacity of the machine you will cause a lock-up. If you exceed
the split register capacity enormous errors occur and the machine
must then be cleared and the entire problem started again.

Olivetti publishes a 281 page book of subroutines, or general utility
programs, to aid programming which, on the surface, appears quite
impressive. There are 63 of these subroutines. {The numbering
goes to 167, but the numbering is not consecutive), Of these, 26 are
merely keystrokes on the 9100A! Six other subroutines are for sol-
ving the exponential b2 for various n!s. So over half of the Olivetti
subroutines are for performing operations that can be keyed on the
9100A:

There are several serious limitations to using Olivetti’'s subroutines
in a program.

Use of subroutines results in a significant reduction in the number
of program steps available for the rest of the problem solution.

An error is introduced by conflicting decimal wheel settings. For
decimal wheel setting at 10, subroutine 41 for sin X has an error
of 7Tx 10"5; subroutine 22 for éX has an error of 10710, o you're
not sure what the error will be for various wheel settings, especi-
ally if these subroutines are used together.

Argument range severely limits the practical utility of any program
containing a subroutine, particularly with the log and exponential
functions. It is difficult to examine a relatively complex problem
with a varying exponent or log routine and determine the range of
these functions. If the argument range is exceeded the 101 will
continue to try to use the subroutine and will produce gross errors
in the derived function without any indication to the operator unless
an overflow condition or illegal operation is encountered.

Most of their subroutines are slow. Subroutine 41 for sin X, deci-
mal wheel at 10, takes 6 seconds. Subroutine 42 for sin X, deci-
mal wheel at 10, is more accurate than 41 (error of 10-10) but
takes 28 seconds.

Olivetti SpA is an Italian company that is the leading European producer

of office machinery and equipment, Olivetti owns 91% of Olivetti-
Underwood which represents them in the U.S. World-wide sales
amounted to $546 million in 1967. Olivetti-Underwood earned $3.4
million on $157 sales that year. Olivetti employs 58,000 people, of
which 26,000 are in Italy.




You are not able to raise 2 number x to a power y (x¥) without
using logs. This feature is only available as x2 on Wang and
not at all on Olivetti.

Floating point is limited to a number with 2 maximum of one
digit to the left of the decimal. 10 x 108 must be entered as 1,
ENTER EXP, 7 (1 x 107),

A given subroutine can be used twice in a program by making
use of the flag. Wang's Search & Return allows the subroutine
to be used over and over. The customer must decide how many
times he really needs subroutines in a program and whether he
is willing to sacrifice all of the henefits derived from the 9100A
use for this one Wang feature.

The error light does not indicate overflow or underflow.
1 x 10104 would be displayed as 1 x 104,

The 9100A does not switch from fixed point to floating point when
the quantity in the X register underflows the display, based on
the decimal wheel setting, Though this feature is not available
on any other calculator, the customer might expect it to be on
the 9100A.

SHORTCOMINGS
OF
9100A

"
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MODELS xlels/o ¥Rk E/T[S] S
WANG 300K  300E
310K 3I0E X | X
320K 320F X | % X | x
320KT 320E X | % X 1 X I |1
360K  360E X | % X | x
360KT 360E X | X X | X T | I
380-2 362E X | X X | X
OLIVETTI PROGRAMMA 1Ol X
WANG 370 320E 37| 372 X | X X | X
380-2 362E 372 X x| | x| X
hp 9I00A x ja|l x| x| x| x| x| x| x| x [ALJALL
WANG 380-2 362E 379-12 X | x X | x d d| d
360KT 360E 371(2) 372 X | X X | X I |1
370 320E 37I(2) 373 X | x X | X
360KT 360K(3) 371(4) 372 360E X | x X | x c | c
370 320E 37| 373 376 377 X | x X | x
380(4) 360SE 376 377 379-12 X | X X | X d d
380(4) 360SE 373 376 377 3792 | X | X X | x d

Q. x° is 2 keystrokes on 9100A.

. 9100A program steps are corrected by addressing the particular step to be changed in Run mode, switching

to Program mode, and entering new {correct) step.
"Time-Sharing” limits trig functions to one keyboard, 1st quadrant only.
Wang 379-12 Trig Pack makes and trig functions available in two keystrokes.

Wang splits registers for base and exponent to work in scientific notation.

- o o o

380 program steps are awkward to find but can be corrected from keyboard.

8

Trig functions in 4 quadrants.
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c[p |1 8585 ££ [a3/su] S8 5858 98 /55] 5

S/5/8 5§ [6858 58 |S&/&c] &5 |86/88& /&3] 8
e |10710i01 REG 1,690
e |107%0° REG. 1895
e |1079»10° REG. 2,095

I I e [107%»0° REG 2,545
4 | e |107%0"° Ak, 2,495
T I e [101%(0° REG. 2,945

12 | € |1072s0% MAS| 640 |TRoN| f REG. 3795
10 22 DIGITS RS |120/S0E x | 3,850
6 | e |I07%s0° PNl 80 g REG. 4 425
28 | e |I01%0° | x [MAS] g40 [PROS RS, 4,795

ALl ALl Al [aL| 19 | x [10798s1099] x [MAG |16/ sioE PROG) 1, REG, 4,900
2 | e [1070%10° MG a0 [FRNS| REG. 4,995
T 20 | e |10712sigl0 PONGH 160 REG. 5,145
64 | e |107%i00 | x PUNCH g0 g RiG. 6,725
c ¢ [20] e |omomoo| RS 80 g REG 7,845
64 | e |107%0° PUNCH| g0 g Rl x | 8725
4 | e [107%10°] x |[MEE| 6a0 [TUN| f Rec| * [13,990
d 68 | e [107%0°| x |MAS| a0 |FROS) f REGl X | 16490

J. Patch existing card or make a new card.
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The roots of a function f(x) are the values of x which make f(x) = 0.
The roots (solutions) of the quadratic equation ax? +bx +¢ =0 are:

- b i—ng - 4ac

2a

X =

The expression A = b2 - 4ac is called the discriminant.
a. A >0, the roots are real and distinct;
b. HEA =0, the roots are real and equal;
c. IfA < 0, the roots are complex.

f
Graph and find the roots of the following quadratic equations on the
9100A. Use program 09100-70009.
y
2
y=x“+1 3<x<3 \/
X
y
2
y=x" —~4x+4 0<x<4 \/
X
Yy
2
y=X -5x+86 0<x<4 \ /
~——— X

Evaluate the polynomials between x = -3 and x = +4 with the polyno-
mial evaluation program number 09100-70002 and check the roots.

The symbol n!, called "n factorial", stands for the product of the
first n (positive) integers.

ni=1.2.3:---.. n;

0! =1, by definition

Evaluate 50! using program 09100-70001. Try 71! What is the maxi-
mum n before overflow on the 9100A? What is the maximum n before
overflow on the Olivetti? Does the 9100A warning light come on?

QUADRADIC
EQUATION

FACTORIAL
NOTATION
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GAMMA Notice the argument of the factorial must be an integer. There is also
FUNCTION a generalized factorial function which is known as the gamma function:
(D_ _ .
I‘(n)zfexxnldx n>90
()
The gamma function may have any value for its argument. For integer
values it is related to the factorial
'tn+1)=n! n=1,2,3, ...
BINOMIAL The series expansion of (a+ b)n, where n is a positive integer, is
THEOREM
- : - 2 n-2
(a+b)n=an+nanlb+...+n(2ni 1) p2, 4. .. +b"
LOGARITHMS If ab =X, then, by definition of logarithms, logax =b

log, a = __!Z__.
Spe = log, b

log MN = log M + log N
log MA =Alog M

log% =log M - log N
L 1
logM* ="A logM

Suppose a customer notices there is no a,ntiloglo key on the 9100A.

How would you find this using available functions? Given Y solve for
X where:

Y= 1og10X

What is the antiloglo 15.565?

Answer: 3.6728 x 1015
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Relation between degree measure and radian measure:

360° = 27 radians = 1 revolution

Convert 32.2° to radians. Can you think of a way to do this with only
3 key depressions? Try converting 1359 to radians.

Let a, b, c be sides; A, B, C, opposite angles:

a+b+ece . :
=g semi-perimeter;
_As-a) (s-b) (s-c) radius of the in-
rsy——m—mMm3M8—— . .
s scribed circle;

If R is the radius of the circumscribed circle,

e a _ b _ ¢ .
a. Law of sines: WA “EmB . sme C 2R

b. Law of cosines: az = b2 + c2 - 2bc cos A

. a+b _ tan1/2 (A + B)
c. Law of tangents: h T @12 (A< D)

d. Tangent of half angle: tan1/2 A = S L -

e. Area: K =%a.b sin C =+/s(s-a){s~-b)(s-c) = rs = %%9

Fundamental identities.

.2 2
a. sin x+cos x=1
b. 1 +tan2x=sec2x

c. 1+ cotzx = csczx

Any trigonometric function of the angle (k7 /2 +a ) is equal to (&)

the same function of @ , if k is even, and is equal to (+) the cofunction
of o if kis odd.

The "+ sign is used if the original function of the original angle

(k 7 /2 + a ) is positive; the "—*' sign is used if the original function
is negative. The sign of the original function of (k m /2 + @ ) is de-
termined by the usual quadrant conventions. These equafions are use-
ful in reducing machine error. To summarize:

i Same function of a , if k is even; confunction
&nzrrf/u;(fxgn) of _ + {of a , if kis odd. Use sign of original func-
tionof (km/2+ Q)

RADIANS
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Functions of the sum and difference of two angles.
a. Sin{x+y)=sinxcosy+ cosxsiny

b. Cos(x+y)=cosxcosyF sinxsiny
_tanx +tany

c. Tan{x+Yy) =y Fos fany

Sum and product formulae.

sinx +siny=2sinl/2 (x+y) cos /2 (x - y),
sinx-siny=2cos1/2 x+y) sinl/2 (x-y),
cosx+cosy=2cos /2 (x +y) cos I/2 (x - y),
cos x - cos y = -2 sin 1/2 (x+y) sin 1/2 (x - y),
sinx siny =1/2 cos (x-y) - 1/2 cos (x+y),
sinx cos y =1/2 sin (x-y) +1/2 sin (x+ y),

g. cosxcosy=1/2cos (x-y) +1/2 cos (x+¥).

e ae o

Note the savings in programming steps when using the left side of
these equations.

1. Distance between two points:

d =’\/(X2 - Xl)z + (Yz - yl)z'

2. Slope of line through two points

Find the equation of the straight line passing througn (1,1) and (3,7).
Find the distance between these two points.

The distance between fwo points in three dimensional space is given by

2 2 2
a=fsy =) + vy = v,)° + 2y - 7))

The essence of differential calculus is the concept of the derivative of
a function, the fundamental ideas and the definition are as follows:

Consider a function y = f(x). The value of this function, atx = X, is
yo = f(xg), and atx =xy sy, = f(xl). Top figure next page.
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X+ A X
Suppose X(] is a fixed point and Xy is a variable point. Let Xy approach
Xy The derivative of f{x) with respect to x at the point X is defined
as
. f(xl) - f(xo)
lim —m—
X;=%g *1 7 %

More frequently the following notations are used. Let X -x= A x,
f(xl) - f(x) =Ay;Ax andAy are called increments of the independent
and dependent variables respectively. Then the derivative of y with
respect to x is written

lim &Y = 1im HEAAX) - 1K)
AX

X
Ax ~o Ax—+0

Various symbols are inconstant use for this limit:

gl:g:':’: = 1i él.
o= Y =l =Dy g lim o
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AY
Examine lower equation carefully. Note that, geometrically, Ax ~
where a is the angle made by the secant line PQ and the X-axis. As
A x =0, Q — P along the curve and hence the secant PQ approaches
the tangent, the point of tangency being P. Therefore, the derivative
of a function represents the trigonometric tangent of the angle between
the geometric tangent to the curve and the X-axis. That is:

tan a

dy _ tan 0 = slope of the tangent

dx ©an line PT.

Write a program to take the derivative of some general f(x) using the
limiting definitions. Try eX and check against an analytic derivative
at x =5 and x = 25.

dy _
Suppose dx fx) and the value of y is desired. This means y is some

function whose derivative is f(x). The answer is:

y:ff(x) dx

Since two functions differing only by a constant have the same deriva-
tive, an arbitrary constant of infegration must be added to an indefin-
ite integral.

When a function, f(x), is differentiated, it is necessary to specify the
variable with respect to which the differentiation is to take place. The
derivative of f(x) with respect to x is df , the derivative with respect to
i o 4 dx ax’

dt dx dt .

In the reverse process of integration it is also necessary to integrate
with respect to a certain variable.

tis

ng = f(x)
dy = f(x) dx

Integrating both sides

y-—-fdy =ff(x)dx

where the differential of x, dx, indicates integrationof f(x) is to take
place with respect to x.

Suppose the function y whose derivative is f(x) and whose value is y,
when x =X, is desired. Let the indefinite integral of f(x) by F(x) + c;
then

y=ff(x)dx=F(x)+c
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To impose the condition y = Yo when x = X, means
Vo = F(XO) +c
and hence c¢ is determined:
C=Yy~ F(xo).
Thus the solution to the problem is
y=Fk +y, - Flx)

which reduces to y, when x = xo. The function y is definite. There
is no longer an arbitrary constant. y satisfies the initial or boundary
condition y = yo whenx = x,. Of course, y still depends upon x,

Rearranging the previous equation
y- yO = F(X) - F(Xo)
Lety = vy when x = X Then
yl - yo = F(Xl) - F(Xo)
=ff(x) dx}x =%, —ff(x) dx:l X =X

. This difference is the definite integral of f(x); it is a constant and does
not depend upon x.

The definite integral of £(x) is the difference between two values of the
integral of f(x) for two corresponding values of the variable x. This
difference is usually represented by

*1

f 1(x) dx. Thus:

*1
f f(x) dx = F(xl) +c— [F(xo) + c]

0 = F(x,) = Flx,).

This is read "the integral from xq to Xy of f(x)'; X is the upper limit
and X4 the lower limit. X, and x, are the limits of integration and the
function f(x) is integrated between the limits Xy and X

3 1

Ofl(x2+ex)dx=[—)3i +ex] 0

=(1/3 +e) = (1)

)
-

INTEGRATION
CONSTANT

LIMITS OF
INTEGRATION

817



APPROXIMATE

It is impossible in some cases to express the indefinite integral,
INTEGRATION

fi(x)dx, in terms of elementary functions. But often, as in engineering
problems, only an approximation to the definite integral

b
[ f(x) dx
a

is needed. Further, the function y=£(x) may be described only by a table
of values obtained through experimentation. In either case it is pos-

sible to obtain an approximate value for {b f(x) dx.

This definite integral may be interpreted as the area under y = f(x) from
x =atox =Db. Divide the interval b - a into n equal parts each of width
_b-a
Ax=—4

Erect ordinates y; at points x and join the extremities by straight line
segments. Then %he sum of the areas of the trapezoids

Y

o
yﬁ— % % X

25 %= X % Xn=b

thus formed is an approximation to the area under the curve. This sum
is:

1/2 v, +y1) Ax+1/2 (yy #79)Bx+... +1/2 (yn_1 +yn)Ax=

Ax
5 (y0+2y1+2y2+... +2yn_1+yn).

TRAPEZOIDAL
RULE

Hence;
n

ff(x) ax = BE (o r2y roy, 4. w2y 4y ).
xo

When {(x) is given as a table, this formula may be applied if the spaces
between abscissa points are equal; if the spaces are unequal, the areas
of the trapezoids can still be added together by using

1/2 (y0+yl) Axy +1/2 (y1 + ¥y ) sz F... +1/2 (yn__1 +

R

e e e e o N R e

y 0 X

SRR

2
R

where

=
o
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Axi = xi - Xi—l

SRR
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EXAMPLE: 2 2
Evaluate f x” dx by the Trapezoidal Rule, using n = 4.
0

Note, this can be integrated analytically and so there is no need to
use a method of approximation. But as an exercise take n = 4 and
Ax=0.5
2
2 0.5 1 9 _
j(; XdXNT(0+§+2+§+4)—2.75

The exact value is 8/3 sq. units. The error is .08 using this numer~
ical approximation.

In order to get an approximation to the area between straight railroad
track and a winding stream, measurements were made as in the figure
below. Find approximately the area between the railroad and the
stream.

70 54 83 8l
38

50 85 45 60 55 40

Solution: A £ 19.055 sq. ft.

Write a program using the trapezoidal rul;e(. Try a function described
by tabulated data and a function suchas [~ sinx. Try different in-
crements and investigate-the error. 0

A definite integral may also be evaluated approximately by Simpson's
Rule

0

f f(x)dXN%i‘_ [yo+ My +ygtygt . - )+ AVy+y,+¥g+ . - O+ yn].

a

In applying Simpson's Rule it is necessary that the number of intervals
n be even. The way to remember this rule is to note that when the first
ordinate is called Yo and the last ordinate ¥, b even, then the opera-
tions are =

Add the first and last ordinates

Add 4 times the sum of the ordinates with odd subscripts

Add 2 times the sum of the ordinates with even subscripts (excluding,

of course, yp). Ax

Multiply the total sum by =5 -

A

SSCREKANIN
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SIMPSON'S
RULE

89




90

INFINITE
SERIES

s

SRS

This rule is developed by using parabolic arcs (instead of straight
lines as in the Trapezoidal Rule) to approximate the curve. The para-
bolas have axes parallel to the Y-axis with each one of them passing
through a consecutive set of three points on the curve of y = f(x).

Since each set of three points accounts for two intervals, the total num-
ber of intervals will be a multiple of 2 or an even number. In general,
Simpson's Rule gives a better approximation than the Trapezoidal Rule,
where the number of intervals n is about the same.

Apply Simpson's Rule to fz x2 dx
0
A =8/3 sq. units
Note that Simpson's Rule gives the exact answer in this case. Simpson's
Rule gives the exact answer in case y = axS +bx% +cx + d with n = 2.
1.2 )
Evaluate f e ™ dx by Simpson's Rule, using n = 6.
0
Solution: Ax =.2, yo =1, y; =.96078
Yo = . 85214, Vg = 69768
V4= . 52729, Vg = . 367788

y6=.23693
2
f ™ dx = .80675

Program 09100-70003 uses Simpson's rule to obtain the area under a
curve.

When a known function f(x) is written in the form of an infinite series,
the function is said to be expanded in an infinite series and the series
represents the function in the interval of convergence.

. 2 n . . . cr ok
Since 1 +xX+X +... +X +... is a geometric series, it will converge
to

1
Tox for |x1< 1. Hence,

~ L =1+x+x2+ +x% 4
I-x Tttt =1<x<1

TR
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is expanded in an infinite series. The series

and the function

1
1-x
representation of the function is valid only when -1 <x <1, but the
function exists and is continuous everywhere except at x = 1.

A function f{x) may be expanded in a power series as follows: Write

fx) =a +ax+a~<2+ax3+ Fa X F
0+ 53 3 coe A

where the coefficients a, are to be determined. Then differentiating
we obtain:

2 n-1
1 - -
f(x)—a1+2a2)\+333x FoeoFDAXT T H

f(x) = 22, + 2(3)agx +... 4 n(n—l)anxn-2 FRN

ig _ ot i
£ ](x) =nia + {n+1)! 3 g XFee-

From these the coefficients a; can be determined by setting x = 0 in
each equation

a0=f(0)
a1=f'(0), az=»f—%g, R
a = %1—, £ UT (0).

This gives the expansion of a known function 1(x) in Maclaurin's Series
which is

1 1 B

v, L 02, o,

f(x) =£(0) + - X —r

The expansion is said to be about the origin or in the neighborhood of
the origin. To expand eX in a Maclaurin Series we note that for all n,
£[1] (x) = eX. Therefore the expansion is

2 xs <"

X
e =1+X+')2{—!' +T+”' +E_ + ...

Expand sin x in a Maclaurin Series,
f(x) = sin x, f'(x) =cos x
f'1(x) = -sin x, ' (x) =-CcO8 X, ...,

The sin 0 = 0 and cos 0 = 1; therefore, the expansion is

3 5 7
; X X X
sinx=x-— 3 + g =g Feeel

MACLAURIN'S
SERIES

e* SERIES

sin x SERIES
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This is the technique used for evaluating functions on competitive cal-
culators. The 9100A uses much faster vector algorithms.

R R Ay ey e R 00
R,

1
Write the program to evaluate 1 - x by the Maclaurin Series expan-
sion. Display the parhal sum after addition of each term, and stop
summing when x! < 10-9. Evaluate the series at x.=.5. What happens
whenx=1andx=1.5?

Write a Maclaurin's Series expansion for sin x on the 9100A. What
is the range of -convergence?

A function f(x) may be expanded about any point'a’instead of about the
origin. That is, f(x) can be represented by a series of the form

f(x)=a0+a1(x—a)+a.2(x- a)2+... +an(x-a)n+...

The coefficients aj are computed by repeated differentiations of this
relation and subsequent evaluations at the point x = a. Thus; we have

-1

f1(x) = ay +2a2(x—a) +3a, (x-a)2 ... +nan(x—a)n o,

f”(x)=2a2+2~3a x-2a) +... +n(n-1) an(x—a)n—z-r...,

4(
f [n](x) =nia + n+1)! (x~-a)+..

From these we compute

)
ay = £ @ i!(a) ,i=0,1, 2, ...,
and the series expansion of f(x) in the neighborhood of the point a be-
comes
f[n:l 2
I8 gy

&(X-a) + w(x

() = £(a) + 1\ B -a) L s

This is known as Taylor's Series. When a = 0 it reduces, as a gpecial
case, to Maclaurin's series. Letx = a + h and another form of Taylor's
Series is obtained,

fa+h) =1f(a) + lga)h + f'2‘,(a) .. EE?%@ n ..

Let r, {x) denote the remainder of the series after n terms, or, in

symbols
£(x) =f(a)+%’"l(x_a)+.. »f%;%%— (c-2)" e r (x) =8 () +x_(x).
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I =
t can be shown that rn(x) R (x - a)n where a<x g x.

The Taylor's Series expansion of a function f(x) will be a valid repre-
sentation of the function for those values of x and only for those values
of x for which lim r_ (x)=0

n— @

If Taylor's Series in a given instance turns out to be an alternating
series, the remainder rn(x) will not exceed numerically the first term

in the remainder. In general

(M)

Tn () = ;
n!

(x- a)n
where x; is some point that lies between a and x but it is impossible
to calculate r (x) with no detailed information about X How-

ever, if x'l is arbitrarily chosen so { [ ("1) is as large as possible,

then
f [n] (x'
5 oA

()] <

7

The error made, therefere, in breaking off at the nth term does not

exceed
f [1}] x!

(x- a)"

Let's expand sin x in a Taylor's Series about the point 7 /8.
f(x) = sin x, £'(x) = cos X, etc. These evaluated at 7/6, become

(F)- 3 (B e
Therefore,

sinx =

(%)

oy

o =

—-<x<®o,

gheta ; Feisat it

ALTERNATING
SIGN

ERROR

Sin x Series
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To expand e™ in powers of (x-a) let
I(x) = e™
[[i] (x) =e*
and £ (a) = e

the expansion becomes

X

2
et =e? [l+(x—a)+(x_a)

2!

... 4+

+] ~-O<x <O,

This technique may be used for faster convergence of a transcendental
function not on the 9100A keyboard.

Recall that, approximately, Ay =1f' (x) Ax. Rewriting Taylor's Series
provides a clearer picture. Seta =x, h =Ax. This gives

' . [n]
flx +Ax) = f(x) + ff—fc) Ax + f—zgﬁ(Ax)zuu... +f—m~£&Ax)"+....

Now transpose f(x) and write Ay = f(x +A x) ~ £(x)

Ay =f'(x) Ax + f%(.,x)(t‘.x)zdr .. +f93% (8 x)"+

From this, as a [lirst approximation for small increments,
dy ~ Ay ~1f'(x) Ax
As a second approximation

dy ~Ay e~ f'(x) Ax + Lé(,“{—)(A:»{)2

This technique is often useful in root finding problems where an initial
guess is made from which better estimates are determined.

A still better approximation can be obtained by taking more terms in
the expansion.

You may wonder how 15 place tables of the trigonometric, logarithmic,
and exponential functions were obtained. The answer is computations
by series,

. s X .
The Maclaurin expansion for e” is

3 n

2
e =1 +x+32{—, +§—, +...+—n—,- 4.




If x =1, this becomes

e=1+l+%? + 31—, +—i—,+ +

= 1+1+0.5+0.166667 + 0.041667

k..

n

+ 0, 008333 + 0.001389 + 0.0001988 + ...

Hence, approximately, e = 2.718254, which is correct lo 4 decimals.

The gamma function can be evaluated using the series

Lo 1 (

Displacement is the position change of a particle. If a particle moves
from position A to position B, we can represent its displacement by
drawing a line from A to B; the direction of displacement can be shown
by putting an arrowhead at B indicating that the displacement was from
. A to B. The path of the particle need not necessarily be a straight
line from A to B; the arrow represents only the net effect of the motion,
not the actual motion. A displacement is characterized by a length and
a direction. 5

A

In a similar way, we can represent a subsequent displacement {rom B
to C. The net effect of the two displacements will be the same as a
displacement from A to C. AC is the sum or resultant of the displace-
ments AB and BC. Notice this sum is not an algebraic sum and that
a number alone cannot uniquely specify it.

B

A

Quantities that behave like displacements are called vectors. Vectors
arc quantities that have both magnitude and direction and combine ac-
cording to certain rules of addition. Physical quantities which are vec~
tors are force, velocity, acceleration, electric field strength, and
magnetic induction.

VECTORS AND
SCALARS

VECTORS
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Quantities that can be completely specified by a single number and,
therefore, have magnitude only are called scalars. Physical quanti-
ties which are scalars are mass, length, time, density, temperature,
and energy. Scalars can be manipulated by the rules of ordinary
algebra.

A vector representation on a diagram is an arrow. The arrow's
length represents the magnitude of the vector, with the arrowhead
giving the direction. The symbol "+" has a meaning for vectors dif-
ferent from ordinary algebra. The addition operations are different
for vectors.

a +E =¢, as in the example above.
Z+b=b+a (Commutative law)

d + (e+f) = (dre) +f (Associative law)

These laws show that the order or grouping of vectors is irrelevant
when adding; the sum is the same. Subtraction can be included in
vector algebra by defining the negative of a vector as another vector
of equal magnitude and opposite direction. Then,

Z-b=7+(-h).

The geometrical method of adding vectors is not very useful for vec-
tors in three dimensions; often it is inconvenient for the two-dimension-
al case. Another way of adding vectors is the analytical method, in-
volving the resolution of a vector info components with respect to a
particular coordinate system.

g

o
-

%

The components a, and a_ are readily found: a, = a cos 6 and
ay =2 sin 8 where 0 is the angle that the vector a makes with the pos-

itive x-axis, measured counterclockwise from this axis. The compon- :
ents of a vector behave like scalar quantities because, in any particu-
lar coordinate system of a given reference frame, only a number, with
an algebraic sign, is needed to specify them.




Once a vector is resolved into its components, the components them-~
selves can be used to specify the vector. Instead of the polar form
{magnitude and direction) the rectangular form (ax and ay) may be

used. A vector is easily changed from one form to the other. To ob-
tain a and 8 from a and a_ we note from the figure on the previous
page,
a
a= a2+azandtan9=—x.
hd y ay,

The quadrant in which 0 lies is determined from the sign of a, and ay.

When resolving a vector into components it is useful to introduce a
vector of unit length in a given direction.

It is convenient to draw unit vectors along the particular coordinate

axes chosen. In the rectangular coordinate system the special sym-
bols T, J, and k are usually used for unit vectors in the positive x-,

y-, and z-directions, respectively.

Vector a in the example above may be written in terms of its compon-
ents and the unit vectors as

a=Ta_ + ]
x+ ay

Consider now the addition of vectors by the analytical method. LetT
be the sum of the two vectors @ and b lying in the x - y plane, so that
T =2 +Db. Inagiven coordinate system, two vectors such as T and

a +b can be equal only if their corresponding components are cqual.

r, =a_+b
X X x
r =a +b
y y Yy

These two algebraic equations, taken together, are equivalent to the
single vector relation

-_-. T 2 2 ry
r=a+h 1r=/r 4+ r and tan 8 = —&
X y 1'\.
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The following is the analytic.rule for adding vectors:
Resolve each vector into its components in a given coordinate
system; the algebraic sum of the individual components alonga
particular axis is the component of the resultant vector along that
same axis; the resultant vector can be constructed once its com-
ponents are known. This method for adding vectors may be gen-
eralized to many vectors and to three dimensions.

The advantage of breaking vectors into components, rather than adding
directly with the use of suitable trigonometric relations, is tnat one
always deals with right triangles; and therefore calculations are sim-
plified.

In the previous discussion it was assumed the vectors being added to-
gether were of like kind (velocity vectors added to velocity vectors).
Like scalars, vectors of different kinds can be multiplied by one ano-
ther to generate quantities of new physical dimensions. Because vec-
tors have direction as well as magnitude, vector multiplication cannot
follow exactly the same rules as the algebraic rules of scalar mulfi-
plication. There are new rules of multiplication for vectors.

The multiplication of a vector by a scalar has a simple meaning: The
product of a scalar K and a vector 3, written K&, is defined as a new
vector whose magnitude is K times the magnitude of @. The new vec~
tor has the same direction as 3 if K is positive and the opposite direc-
tion if X is negative.

When multipling a vector quantity by another vector quantity, it is
necessary to distinguish between the scalar (or dot) product and the _
vector (or cross) product. The scalar product of two vectors 2 and b,
writtenas a - b, is definedas a-b="a b cos 6 where a is the
magnitude of vector 7, [blis the magnitude of vector b, and cos 8 is
the cosine of the angle 8 between the two vectors. (There are always
two different angles between a pair of vectors, depending on the sense
of rotation. We always choose the smaller of the two in vector multi-
plication. )

Since a and b are scalars and cos 0 is a pure number, the scalar pro-
duct of two vectors is a scalar. Several important physical quantities
can be described as the scalar product of two vectors. Some of them
are mechanical work, gravitational potential energy, electrical po-
tential, electric power.

The vector cross product of two vectors a and b is written a x b and
is another vector €, where ¢ =a xb. The magnitude of T is defined
by lcl =1a] |bl sin 8, where 9 is the smaller angle between 2 and b,

The direction of €, the vector product of a and b, is defined to be per-
pendicular to the plane formed by a and b; the vector € also passes
through the intersection point of a and b.
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Imagine rotating a right-handed screw (whose axis is perpendicular
to the plane formed by a and b ) from a to b through the angle 8 be-

tween them. Then the direction of advance of the screw gives the di-
rection of the vector product 2 x b.

Another convenient way to obtain the direction of a vector product is
the following. Imagine an axis perpendicular to the plane of a and b
through their origin. Now wrap the fingers of the right hand around
this axis and push the vector & into the vector b through the smaller
angle between them with the fingertips, keeping the thumb erect; the
direction of the erect thumb then gives the direction of the vector pro-
duct 2 x b (2 cross b).

Notice that b x a is not the same vector and‘as a x b, so that the order

of factors in a vector product is important.

Examples of physical quantities that are vector products are torque,
angular momentum, the force of a moving charge in a magnetic field,
and the flow of electro-magnetic energy.

A number which is composed of a real and an imaginary part such as
a + bi is called a complex number (i =/-1). ¥ a is zero, so that the
number is of the form bi, the number is purely imaginary.

H is also useful to note a few facts concerning powers of i
i=+~1

L S !

Note that successive integral powers of i take on a repeating sequence
of values -1, -i, +1, i, etc.

The fact that every power of i which is a multiple of 4 has the value 1,
enables one to make such simplifications as:

23 .45 .3_.3

i i)Y . i

= ( =i =-i.

R

x>

R e

; \“hﬁﬁ% 3

R

e

RIGHT HAND
RULE
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Addition

Subtraction

Multiplication

Division
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Try program 09100-70007 on these examples.

Arithmetic operations with complex numbers have some added twists.
In reviewing these operations, note that they reduce to "ordinary"
arithmetic when the coefficient of i is zero.

2+4 a -+ bi
-5+ 1 ¢ +di
-3 + 5i (@a+c)+p+d)i

The sum of two complex numbers is in general a complex number
whose real part consists of the algebraic sum of the real parts of the
two numbers, and whose imaginary part is the algebraic sum of the
imaginary parts.

2 4+ 4i a +bi
minus -5 + 31 c+di
Ty i (a-c)+{b-di

Notice how the accumulators e and f can be used for these operations.

2 4+ 4i a + bi
-3 + 21 c 4+ di
-6 - 121 9 ac + bei
+ 4i + 8i + adi + bdi
.. .2
-6~ 8i + 8i = {ac - bd) + (ad + be) i
6- 8i -8 =
-14 - 8i

Determine the keyboard operations for multiplication of complex num-

bers.

The operation is easily performed on the 91001_&gby placing the complex

numbers in trigonometric form z =x + iy = re 19,

The division of complex numbers involves the process of rationaliza-
tion of the denominator. You should review the idea of complex con-
jugates in connection with the following examples.

2441 _ 2+44i 3421 _ 6+16i48i _ -2+16i -2 . 16,
3-9T " 3-21 ° 3¥2i S R I o
9 - 4i
atbi _ a+bi  c-di _ (ac +bd) +(bc -ad)i _ (ac+bd) + (bc~ ad)
c+di . c+di  c-di 3 5.2 =% 3 7 2
¢ -di ¢ +d c +d

=Z=X+7Yi

i

““
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Determine the keyboard operations for division of complex numbers.

In polar form,

1

r= x2+y2 and @ =tan = ¥/x

The graphical interpretation of complex numbers is accomplished by
using a set of rectangular axes, such as was done with the drawing
of graphs of functions. The real numbers are laid off along the hori-
zontal axis, called the real axis. The pure imaginary values are
laid off along the vertical axis, called the axis of imaginaries. The
unit 1 is used as a directed distance on the real axis; the unit i is
used as a directed distance along the axis of imaginaries.

3T

v

[
(&)
e

T

The plane is called the complex plane. Complex numbers in general
are points of the plane other than those along the X axis.

The figure shows the number 3 + 2i, represented as a point 3 units
over and 2 units up from the origin. If this point isjoined to the ori-
gin, the length, represented by ¢ in the figure is easily seen to be

32+22 = /13

In general the distance of any complex number from the origin of the
complex plane is given by
P= 2 + b2

where the number is given as a + bi. P is called the absolute value
of the complex number, and is often written

f°=la+bi| = /a% 4 b2

S

R

PR

e
SR

COMPLEX
PLANE

Absolute
Value
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Note that all complex numbers which lie on a circle whose center is
the origin will have the same absolute value, even though the values
of a and b are different for each number. I two complex numbers are
the same, they must represent the same point. Hence, if a + bi and

¢ +di are equal, thena=candb =d.

In the figure below, let P {a + bi) and Q (¢ + di) represent two complex
numbers. Then R (u + vi) represents their sum. This follows from
the sum of two complex numbers as given earlier and the fact that

OC = OA + OB, and OF =OD + OE,

&
Rlu+vi
I - l( i)
—
Qctdi) .~ :
] i
] !
P
DF—f-2>----= 1(a+bi) !
! !
| ! 1 »
o] B A c

The figure OPRQ is a parallelogram. The distance OR is the diagonal
of this parallelogram drawn from the origin. One interpretation of
complex numbers is to consider them as represented by lines such as
OP, OQ, OR. This is called the vector representation, and the vector
(such as OP) represents both magnitude and direction. Such represen-
tation is useful in problems of physics which involve forces, veloci-
ties, electric current theory, etc.

The difference of two complex numbers is easily obtained from the
figure if we assume that we wish to [ind {(u + vi) - (a + bi). This dif-
ference is given by (¢ + di). It is obtained graphically by adding the
negative of a + bi (i.e., =a -bi) to the number u + vi.

Consider the problem of finding the cube roots of unity. That is, the
numbers whose cubes are unity. Solve the equation x3 =1

Write this as x3 -1=0
Factor (x-1) (x% +x +1) = 0.

This first factor yields a solution, x = 1.
The second factor by the quadratic formula gives

_o-1 +~/—_3 -1 —«/:3

X= Ty o T/

These are therefore the three cube roots of unity. FEach of them has
the same absolute value, namely 1. Hence, they all lie on a circle
of radius 1.




B e e

R
_{(1+o01)
VA J
=gz 1)

The vectors representing these three complex numbers divide the
unit eircle into three equal parts. We can find the fourth roots of un-

ity by solving 4
x -1=0

1= 1) 6 H1) = (x- 1) (k1) (k1) (xrD) = 0

The roots are x =1, ~1, i, and -1i. The figure below shows these
values and reveals the vectors representing these solutions divide the
unit circle into four equal parts.

]

3 CUBE ROQTS
We solve the equationx” - 8 =0 OF EIGHT

(x3-8)=(x-2) (x2+2x+4)=0

The solutions given by these factors are x =2, -1 +«/f3_i_, -1 -/3i, They
are each just double the cube roots of unity. Hence, they each lie on a
circle of radius two units.

(-1 +./31)

(=1 —=J/3i0)
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",‘ Notice when one has solved for the cube roots of unity, he has a method
5 for finding the cube roots of any other number.
o
%{ : What are the cube roots of 177
i
é 34, ¥in % , and ¥17 _12:@
%
o

In general, the cube roots of any number A are equal to the real cube
roots of A, multiplied by the three cube roots of unity.

Use the library program that solves for the roots of up to and includ-

ing 5th degree polynomials on the previous examples.
X % x3 X
RELATION BE- e =l Xt g b Fo b,
TWEEN EXPO- ’ :
NENTIAL AND
TRIGONOMETRIC \:3 x5 -1 x2n--1
FUNCTIONS sinx=x—‘g+g~3--...+(-1) S R
2 4 2n-2
_ X X n-1 x
cosxpl-—ﬁ g - + (-1} T oy ..
It can be shown that these series converge for all values of x, real or '
complex. Indeed when x = a+if3 , these series will serve as defin-
tions of ea+i3 , sin ( a+i B8 ), cos { a+1i B ) respectively. For
x =10, a pure imaginary number, we have:
o 2 3 4
b5 i . 8 . 0 0
%_’: e =1+19———2—!—1T+-Zr+...,
g, Since i :\/-—i, 2 =-1, i3 = -1, 14 =1, etc. Multiplying the series
}5’:} for sin x by i and writing 0 for x yields
.
x‘ ' b e?
;g ist=1G—-3!—+-§~-—...
b
B
i For x = 8, the series for cos x becomes
w4t 2 4
- 050 =1 o 4oy -
o Cos ¥ =L mor T
i
?'i;i‘ Notice that the series for e~ can be obtained by adding the series for
gﬁ the two trig functions, i.e.,
BEULER'S o e =cos0 +ising
IDENTITY B

s
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This is a remarkable relation and is generally known as Euler's Iden- 25

553

tity. It exhibits a very simple relation between sin 8, cos 8, and el®,
Evidently ei(-8) = cos (-0) + i sin (-0)

e

-i0 ..
or e =cos B-1isin®

>

CSTRRR '.' T

2SRRI SR

s
SO

Solving the two exponentials simultaneously for sin 8 and cos 8, we get

o

ei@ _ e—ig ¥
sin@ = —-——-«-——-—2 =:§
i it
2
ie ~i8 5%
e +e 2
cos @ = 9

SRR

These relations are very important and could be used as definitions of
sin @ and cos 9.

o -0 :
In many branches of applied mathematics the functions (32—_e_ and : HYPERBOLIC
0 -0 FUNCTIONS
e re frequently occur and are of definite importance. Note that the
. exponents are now real. Although thege are just simple combinations
of the exponential functions e® and e™", they are used so extensively

that names have been given to them. They are called the "hyperbolic
sine of the variable 0" and the "hyperbolic cosine of the variable 9"
respectively. These are written “'sinh 6" and ''cosh 8'". That is, by
definition

IC

sinh 8 = —y—

eO -0

cosh @ = jte——
y=sinh x

141089

1,013

S

13 1
~230  -10 0O 1o 230 %

R

1

L~ 11,013

.
5

Rt
%
DRSS

3R

£ -1099

e
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y=cosh x
Y
L |099
+11,013
|
} i : }
-230 -10 O 110 230 X

Direct hyperbolic functions are given in terms of exponentials; the in-
verse hyperbolic functions involve logarithms. For example, let

y =sinh ~ x.
Then x =sinhy
. o ¥
2 ’

which, on multiplying both sides by ey, becomes a quadratic in e,

namely,

ezy—2xey—1=0.

Solving this we get

ey =x:i:Vx2 + 1,

where the minus sign must be discarded since e is always positive.
y = sin”lx = log,, (x ANxZ +1 ),

which holds for all values of x.

The following elementary functions are defined in the complex plane.
The functions are all defined in terms of real functions and i, (ﬁ)
Notice that when the imaginary part of the complex argument is zero,
(y=0), the complex definitions reduce to the real definitions. The
notation z = x + iy is used. x and y are real and i =AC1 .

Exponential function:

e? =" (cos y +1isiny)

R e e
G




y is the radian measure of the angle defining cos y and sin y.

Lety =0
S0 L X (cos 0 +1 sin 0)
X_ X
e = e

A more useful form is cos z = cosx coshy —isinx sinh y
iz ~iz
- e

in z = -
s 21

The more useful form is sin z = sin x cosh y +1 cos x sinh y

The following are definitions relating other complex functions

sin z COS Z
tan z = cot z = —
cOoS z ot sin z
sec z = 1 csc z = :
sin z ~ cosz
eZ e'Z
sinh z =
2
z -z
e’ + e
cosh z = 2
sinh z
tanh z = ————
cosh z

Z==x+iy=re19
and r = Vx2+y2

Inz=lnr+1i(8+2n7)
n=0,1, 2, ... r>0

where -1
0 =tan

I

TRIG
FUNCTIONS

HYPERBOLIC
FUNCTIONS

LOGARITHMIC
FUNCTIONS
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where z, = x +1iy, n=1, 2, 3
] u 1

using the definitions of eZ and 1n z, the following computational form-

ula is obtained. ) 2
~ (xy + 1y2) (In'Vx, +y," +16,)

Zg =
X, In V}(l2 + yl2 - Yy 91 5 p)
=e {cos (y2 1n—\/x1 +yy
. o 2
+x291) + 1sin (y2 VX &+ y + Xy 9)}

See program 09100-70007 for an example using this definition. Note
the In definition uses the principal value of 9, i.e.,w < 8 < T, so
Zg is uniquely specified.

The purpose of the warning light on the calculator is to point out when ‘
an illegal operation is performed. Some illegal operations in the real

plane are legal in the complex plane. An example is In (-3). This

operation is defined in the complex plane, i.e.

5:.,5?. z = -3 +1i0
In(-3) =1n 3 +1 (6 + 2n) o=tan " I
=In3 +1i (1 +2n)r 0 = tan ?—3
-1
n=0,1, 2, ... =tan " (~0)

Another example is v-10. The answer to this may be found using

program 09100-70007.

In these examples the real functions on the calculator are used to eval-
uate the complex functions according to the definitions. It is convenient
to output the complex results in the Xand Y registers with the real part
x in the X register and the imaginary part y in the Y register, -

Use program 09100-70007 to evaluate the following. 23, 2 ii, V=10

Write a program to compute the cos z. Apply your program to find
cos (.5 +il) Answer: 1.3542 — 10,5634

-




This section illustrates several methods of finding solutions of equa-
tions of the form f{x) = 0. That is, finding for a given function, f(x), a
value X = X (Xr is real} such that f(xr) = 0. Ingeneral, f(x) will be

ROOTS OF
EQUATIONS

a transcendental function.

RO SRR RSO

Before using any of these methods, it is necessary to know the approx-
imate location of X That is, one needs to know that the value x = X

lies in some interval a < X, <h.

GRAPHICAL
METHOD

A rough approximation to the location of a root of £f(x)} = 0 is found by
plotting the function y ={f(x)

Those values of x that yield y = 0 (graphically) are approximate values
of the roots of £(x) = 0. Often it is difficult to plot £(x) as a whole, so
it is separated.

, . Where fl(x) +1, (x) = £(x), values of x for which f (x) = i, (x} are PLOTTING

approximations to the roots of f(x) = 0. Choose fl(x) and fz(x) so the
plot is as simple as possible.

The methods of plofting particular functions vary depending upon the
functions involved. However, as a guide determine the intercepts

on the coordinate axes; vertical and horizontal asymptotes and the
behavior of the functionas x — % ® .

SO R S R A S R S S o MR SR

Find an approximation to the real roots of
flx) =2x - logx—T=0
vy =f1(x) =2x-17

and
o =1, (x)} = + log x

The plot of the functions appears in the figure below.

@
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METHOD OF
BISECTION

Observe the roots of £(x) = 0 located in the intervals 0 < x< 1 and
I<x<d.

This method is simple, yet it is very useful in obtaining approximate
roots of f(x} = 0. Suppose one desires the roots of f(x}) =0 (x = xr)

that is known to lie in the interval a < X, < b (determined graphically).

YA
Root of [b,f(b)]
f(x)=0 !
X=Xy }
y=tix) /oo
N
) 1 iy Ty

The figure .above shows f{b) 0 andf(a) 0. .The method depends only
on the sign of f(x) for each estimate, X (i=1,2,3,...). The

first estimate of the root is:




The sign of £(x) for x = x, is now negative. Thus the root of I(x) = 0

now lies in the interval x1 < Xr <b. Proceeding in a like manner, the
second approximation to the root, X is
X, +b

1
2 2

Now f(xz) > 0, thus x,<x_<x,, and so on until x to the desired

1% T Ry 17 %1
number of significant figures as stated in the problem.

In general, the nfCh approximation obtained by the above sequence of
steps is in error by not more than

zln (b - a).

Thus, an approximation tox = X, with an error less than 0. 001 is

_ -~ log (0.001) +log (b ~a)

log 2
& (integral steps)

The method is very simple, but frequently too many steps are required
to get a sufficiently accurate value. Also, the method will not work for
multiple roots if the multiplicity is even.

The method of false position is one of the oldest root approximation
methods known. It is a very simple method of improving an approxi-
mation to the roots of £(x) = 0 obtained by one of the methods previous-
ly discussed.

If f{a) and f(b) are of oppostie sign, the plot of £(x) = y crosses the
x~-axis in the interval a < x < b at least once and a root x = xr of {(x) =0
lies in this interval. The method uses a straight line approximation

of the function f(x)} between these units. The point of intersection

of the straight line and the x-~axis approximates the root.

METHOD
OF FALSE
POSITION
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From the geometry of the above figure

. f(a)
S T ) -af(b) (b - 2)

Next determine x - Xy which is a better approximation to x = X

Replace Xy by Xy and a by Xy to give:

f(xl)

le - fb

(b - Xl)

N e th . . .
Proceeding in a similar manner the n™ approximation to the root is:

f(xn—l)

RS R O N Y
n n-1 fkn—l I(b n-1

In the figure, f(b) > 0 and f(a) < 0, note the necessary modifications in
these equations if f(b) < 0 and f(a) > 0.

The process is continued until for some n, X1 =%, to a prescribed
number of significant figures.

Determine the smallest positive roots of {(x) = x2 - log ¥~ 19.= 0 cor-
rect to three significant figures. The root lies between x = 3. 16 and
3.32, since )
£(3.16) = -9. 5141 = £(a),
and £(3. 32) = +0. 5013 = (b).




A better approximation, by the method of false position, is

£(3. 16)
(3.16) ~ £(3.39)

x; =8.16 + (3.32 — 3.186)

X = 3. 241, f(xl) = — 0. 0066.

Continuing the method

£(3. 241)
T(3.241) - 1(3.32)

X, =3.241 + (3.32 - 3.241)

Many of your customers want to solve aleebraic eauations nf fhe third
and higher orders as well as transcendental equations. Roots of these
equations are trequently determined by an inefficient triai-and-error
process. Although exact solutions are available for third and fourth-
order equations, they are tedious to apply even with a calculator. The
Newton-Raphson method, has the advantage of being applicable to all
these types of equations.

As the examples show, convergence is rapid. In fact, the number of
significant figures is approximately doubled at each step.

Newton’s method, like the Method of Bisection and the Method of False
Position, is an iterative one: An initial approximation is made for the
solution and this approximation is imporved step-by-step according to
a definite procedure. It is a characteristic of iterative methods that
minor errors at any step will usually be corrected in the following
steps.

Let the equation whose real roots are to be determined be written as:
f(x) = 0. A sketch of f(x) is shown;

f{x)

Xr XO b

fx,)

Let X be a guess of X, ¥o may be obtained by graphical methods des-

cribed earlier. Since f(x) is an analytical expression we can differontiste
f(x) to get £!(x). Substituting in xq we get f'(xo). Assuming ¥, is closer

to our root X, than Xgr let's write an egquation for Xy in terms of x
and £*(x

) ’
or f(xo)

XO—X

f’(xo) S -

NEWTON'S
METHOD

ITERATIONS
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GENERAL
FORM

SOLUTION
STEPS

Solving for Xy

f(xo)
170 T g
eriting a general expression for a new estimate (Xi+1) based on the last
1
f(Xi)
X1+1=Xi—f’x i=0, 1, 2, i

This iterative method works very well on the 9100A. See Program
#09100-72002 for examples.

The steps in the dpplication’of Newton's method are:

1. Graph or tabulate f(x} vs. x to find an approximate value X, of
a real root. '

2. Improve this starting value by calculating a corrected value X

3. Make successive corrections in the same manner

4. The solution is complete when the term f(xn)/f'(xn) has no effect

on-the last decimal place to be retained in el

Solve the algebraic equation, x3 - 4x =8, for a real root between x = 2
and x = 3 correct to five decimal places.

£(x) = x° - 4x - 8

f1{x) = 3x2 -4
Tabulate f(x) vs. x to determine Xyt
X f(x)
2. 000000 -8. 000000
2, 500000 -2.375000
3. 400000 7. 000000

The sign change tells us that there is a root between 2.5 and 3.0. Let
X = 2.500000 .

It is convenient to arrange the succeeding steps of the solution in tabu-
lar form:

f(xn)
- 1
n X f ()xn) f (xn) F % Xnaq
1 2.66101% 0.198624 17.243034 0.011519 2.649498
2 2.749498 0. 001059 17. 059519 0. 000062 2.649436
3 2.649436 0. 000001 17. 0585633 0. 000000 2.649436




You would probably display x_, f(x ), and x in the 9100A's X, Y,
- n n n+1
Z registers.

Since Xy =X, (to the desired accuracy), the solution is x = 2. 64944.

Solve the transcendental equation x = 3/2 cos %, for a real root in the
first quadrant correct to four decimal places.

flx) =x — g—/cosx
3 .
fix) =1+ 3 sinx

Graph f(x) vs. x to determine x.:
{x)

0.5+

%o/

0 L0 X

1 |
0.2 04 0.6 O

-0.5
-1.0

-1.5

The solution, to four decimal places, is x = 0. 9149,

It is possible that f'(x) may vanish in the neighborhood of a root. In
this case, a different procedure must be used. First, solve for a value
of X, x =a, such that f'(a) = 0. Then test for real roots of f(x) = 0 at
x = a using methods for determining relative maximum and minimum
values of a function. There are three posibilities:
1. There is a double root at x = a if f(a) = 0.
2. There is no root in the neighborhood of x = a if £(a) # 0 and if
both f(a) and f"’(a) have the same sign.
3. There are two distinet roots in the neighborhood of x = a if
f(a) # 0 and if f(a) and f*'(a) have unlike signs.

f{x)
Case |
Case 2
§ //‘//Case 3
- X

TRANSCENDENTAL
EQUATIONS

EXCEPTIONAL
CASES
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Newton's method is valid for complex roots when the variable x is
replaced by the complex variable, z =x +yi. Details of the procedure
vary slightly since f(z) is a function of two variables. An example will
illustrate the initial steps in the solution.

Solve z3 — 1 =0, to four decimal places, for the complex root having
a negative imaginary part. (This equation can, of course, be solved
easily by factoring, and the roots are z =1, -0.5 + 0.8660i, and -0.5
-0.8660i.) To solve the equation by Newton’s method, the expressions
for f(z) and £'(z) must be determined:

f(z) =7° - 1

£1(z) = 32°

The starting value z is found by calculating f(z) for various integral
values of x and'y. Let ZO = -1. 00000 - 1. 000001,

£(z,) = 1. 00000 — 2. 000001

£'(z,) = 6. 00000

1. 00000 — 2. 000001

= -1. 00000 — 1. 000001 — 6. 000001

Zy

=-0.66667 — 0.833331

One may write a program for finding roots of equations of the form
f(x) = 0 by trying various values of x at some increment A x and
watching for a sign change of £(x).

f(x)

X =%t AX i=0, L. ...
When f(xi+1) has a different sign that f (Xi) the function has crossed the
axis, provided the increment is small. See f(x4) and f(xs). Now one

could reduce the increment, reverse direction, and repeat the process
until X1 is sufficiently close to X

@




Use program 09100-70014 to find 5 roots of tanx — x = 0.

An equation involving one or more derivatives of a function is called
a differential equation. Solution of a differential equation is an ex-
pression or formula for the dependent variable which is free of deri-
vatives and when substituted in the differential equation reduces the
expression to an identity.

An example of a differential equation is:
2
_4_23’ = -sinx
dx

A solution is y = sin %, because

2
dy _ dy _ .
T =cosx —5 =-sinx

ax

and substituting gives the identity

-sinx =-sinx

If the derivatives in the differential equation involve derivatives with
respect to one independent variable, the equation is called an ordinary
differential equation. If partial derivatives occur, the equation is
called a partial differential equation. The order of a differential
equation is the order of the highest derivative which appears in the
equation.

Ordinary differential equation:

2
d_g_ =. ginx (2nd order)
dx

Partial differential equation:

a4 94 g4
ji + 2 Z“ 5 + 4” =0 {4th order)
EJ 352 Oy ay

The following is a linear differential equation of the first order:

-%%= f(x, y)

With the initial conditions y =y whenx =x_, 2 solutiony = g(x) that

satisfies the differential equation and boundary conditions is desired.
In an analytical method one seeks to obtain the functional relationship
between the dependent variable y and the indeperdent variable x. These
may involve closed expressions or perhaps infinite series. In contrast,

DIFFERENTTAL
EQUATIONS
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a numerical solution expresses the functional relationship with tabu-
lated data (x., y.) or a graph over the desired range of x. An analy-
tical solution is 1superior to a numerical solution but may be impossi-
ble to obtain. The superiority is due to the fact that for different
boundary conditions the solutions only require a change of constants.
In numerical solutions a complete recalculation is required.

Let ?—di = f(x, y) subject to the boundary conditions Xy Y, and solve for

y as a function of x numerically. The solution must start at (xo, yo)
as shown below:

y
X
( 'F{') Anciytical
}Error Sotution
initial Ay yix)
conditions
% {xo¥o)
XO AX xl X

An approximation of y, at x. =x. + A x is obtained by the following:
1 1 70

vy 2 Ay+yo where

Ay = f(xo, y ) Ax

o]

Yy =Yy +ixy, v ) Ax

Everything on the right hand side of the equality is known.

fx , yo) is the slope at (xo, v)

0

The slope is used to predict vy Also the smaller A x, the more ac~
curate will be ¥y

Now knowing (xl, yl) the process to calculate {(x,), yz) is similar.




Notice the following general form of the solution. The next point is
based on the previous point.

sy 4 A
Vg T 7 OV

There are numerous equations for Vi1 with different errors. The
previous intuitive approach is crude but gives the basic idea. See the
equation in 09100-70006 and notice the rorm.

The derivation of this Fourth~order Runge-Kutta formula is a {edious
problem. The formula is:

yi+1=yi+1/6 (p +2¢ +2r +s)

{Note form Yipp T Y; O y)

p= h’f(Xi,yi)

g=h1 (xi+l/2h, ¥; + 1/2p)
r=h.f (xi +1/2h, ¥; +1/2q)
s=h-f(xi+h, ¥y + 1)

The values p, 4, r and s are each estimates of the change in y on the
interval X to X.1- P and s are estimates based on the beginning and

end of the interval, respectively, while q and r are based on approxi-
mations to the slope at the mid-point of the interval. The Ay term
added toyi is a weighted average of several estimates. Note when f
is independent of y the equation reduces to Simpson's One-Third Rule.
Notice for each new point £(x, y) must be evaluated four times.

RUNGE-KUTTA
FORMULA
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The probability of an event is defined as the relative frequency of that
event. That is, the number of times the event occurred divided by the
total number of times that the experiment was run. Thus, the proba-
bility of throwing a single die and getting a three is determined by
throwing the die many, many times and dividing the number of times
that a three comes up by the total number of throws. As you see,
probability is really defined as the limit:

Probability of success=

lim number of successes
trials —» 0 ‘number of trials

A ball is drawn at random from a box containing 6 red balls, 4 white
balls and 5 blue balls. Determine the probability that it is (a) red,
(b) white, (c) blue, (d) not red, (e) red or white.

Let R, W, and B denote the events of drawing a red ball, white ball
and blue ball respectively. Then,

_ ways of choosing a red ball
(a) Pr {R} ~ "total ways of choosing a ball

6 6 _2

6 +4 +5 i5 ~ 5
4 4
(b)Pr{Vx} 6 + 4 +5 15

©Pr {8} = 55455 ;=3

#

(d) Pr{ﬁ} 1- Pr {R}=1_ % = %

_ways of choosing a red or white hall
(e) Pr {R’ W} " total ways of choosing a ball

6 + 4 10 2

"% +4+5 15 3

Another method: )
pr {RWh= Pr{B}=1- pr{g}=1- =2

Note that Pr {R, W} = Pr {R}+ Pr {V‘&,i.e. 2. % + {1— . This is
an illustration of the general rule Pr {El‘ E;]z Pr {Ej + Pr {Ez}
which is true for mutually exclusive independent events E] and Eq.

Now assume there are two balls drawn. Each ball is replaced after the
draw. What is the probability of: (a) drawing two red balls (b) draw-
ing a red ball and a white ball.

) p{re}= P{R}- P{R}=2 . 2 -

w © - 2 2 ol 2 (- o 5 2

/15 = 16/75

PROBABILITY
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Another important concept is independence. Two events are indepen-
dent if the probability of the second one occuring is unchanged by the
occurence or non-occurence of the first one.

Most of us have an intuitive feeling for what random means, but we
aren't able to precisely define it. Random applies to the process by
which a sample is chosenynot to the sample itself. Given five playing
cards one cannot make astatement about the randomness of that parti-
cular poker hand without knowing how the particular five cards were
chosen. The term random applies not to the cards in the hand, but
rather to the method by which the cards were chosen. A random pro-
cess allows no statement about a specific observation, but, on the other
hand, does allow a statement about the relative frequency of an obser-
vation in a great number of trials.

The last concept which is needed is that of expected value. Basically
it is the value of the outcome multiplied by the probability of obtaining
that outcome. Thus, the expected value in the throw of a single die is
the sum of the value oneach face times the probability of obtaining that
face on the throw. This can be calculated as:

(1x1/6)+(2 x 1/6)+(3 x 1/6)+ (4 x 1/6)+ (5 x 1/6)+ (6 x 1/6)= 21/6

E{) =iE Pi K.

If 2 man purchases a raffle ticket, he can win a first prize of $5000 or
a second prize of $2000 with probabilities 0. 001 and 0. 003, What is a
fair price to pay for the ticket?

Expectation = ($5000) (0. 001) + ($2000) (0. 003)
= $5 + $6 = $11,

which is a fair price to pay.

One of the most common statistical problems is to describe a vast
amount of data. There are many ways of doing this depending upon on
how much data reduction we wish. The most straight-forward descrip-
tion would be a complete list of each of the data points. This certainly
would be exhaustive; there is no way to more completely describe the
data. There are, however, some obvious draw-backs to this approach.
There may be so much information that it can't be digested.

2




68 84 75 82 68 90 62 88 176 93
73 79 88 73 60 93 71 59 85 75
61 65 75 87 74 62 95 78 63 72
66 78 82 65 94 77 69 74 68 60
96 78 89 61 75 95 60 79 83 71
79 62 67 97 178 85 76 65 71 175
65 80 73 57 88 178 62 76 53 14
86 67 73 81 72 63 76 75 85 7T

The table below contains exactly the same data, but in a format which
makes analysis much easier.

50-54 53

55-59 57,59

60-64 60, 60, 60, 61, 61, 62, 62, 62, 62, 63, 63

65-69 65, 65, 65, 66, 67, 67, 68, 68, 68, 69

70-74  71,71,71,72,72,13,73,13, 13,74, 14, 74

75-79 75, 15,75, 15, 75, 75, 75, 76, '16, 76, 16
71,71, 78,78, 78, 178,78, 79, 19, 79

80-84 80,81, 82, 82,83,84

85-89 85, 85, 85, 86, 87, 88, 88, 88, 89

90-94  90,93,93,94

95-99 95, 95, 96, 97

It is easily determined that:

(a) the highest grade is 97

(b) the lowest grade is 53

(c) the range is 97-53 =44

(d) the five highest ranking students have grades 97, 96, 96, 96, 94
{e) the five lowest ranking students have grades 53, 57, 59, 60, 60
(f) the grade of the student ranking tenth highest is 88

(g) the number of students receiving grades of 75 or high is 44

(h) the number of students receiving grades below 85 is 63

We can also express these data in the form of a histogram.
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50 55 60 65 70 75 80 85 90 95
54 59 64 69 74 79 84 89 94 99

RAW DATA

RANKED DATA
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The data may be condensed even further:

RELATIVE
INTERVAL FREQUENCY FREQUENCY
50-54 1 1/80
55-59 2 2/80
60-64 11 11/80
65-69 10 10/80
70-74 12 12/80
75-19 21 21/80
80-84 6 6/80
85-89 9 9/80
90-94 4 4/80
95-99 4 4/80
0

This table is much more concise, but it hides some of the information
in the original data. Such an arrangement is called a frequency distri-
bution since it gives the frequency with which each portion of the data
occurs.

A single number describing some feature of a set of data is called a
"statistic’. It is a more compact description than the frequency dis-
tribution. A statistic focuses attention more sharply than a frequency
distribution on some feature of the data which it measures, but ignores
more of the complexity of the data.

The statistics most commonly requested by your customers will be
""measures of location"”, commonly called “averages'. They tell where
a distribution is located, or centered, onthe scale of conceivable values,
more or less independently of other characteristics, such as its disper-
sion or shape.

As examples of measures of location, look at this drawing

A B CD £

e . RS A R
R AR ‘




The location of this distribution could be described by any of the fol-
lowing:

1. Ifs minimum, A

2. Its mode, B, the value of the variable at which the greatest
concentration of observations occurs.

3. Its median, C, the value of the variable which exceeds half of
the observations and is exceeded by half.

4. Its mean, D, the measure that the layman ordinarily refers to
by the term "average".

5. Its maximum, E.

Many other measures could be constructed,
If the curve had a rigid and known shape and size, any measure of lo-
cation would be as useful as another, since from any one the others

could be deduced. Fortunalely, (because the absence of {his condition
sells calculators) this is rarely the case.

The arithmetic mean:

11>

X
X = _ 1=0
I

is the most common statistic and is what most people are referring to
when they say ""average'. There are also weighted means

n
2 WiX
R om0

o

2 W
1=0
Next to measures of location, such as the mean, the most common and
useful statistics are measures of a frequeny distribution's dispersion.
The dispersion of a distribution, its spread or scatter, is sometimes
described by measures such as the range, which is the difference be-
tween the largest and smallest observations. More commonly, disper-
sion is described by various averages of the deviations of the indivi-
dudl observations from the mean. Especially important is the root
mean square deviation (that is, the square root of the mean of their
squares), which is called the standard deviation.

Talke the deviation of the ith observation, x;, from the mean,x, of all
observations; sum the squared deviations for all n observations, and
divide by n-1: 0
-2
2 121("1 -x)

n-1

MODE

MEDIAN

MEAN

DISPERSION

VARIANCE
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In computing this mean, one less than the number of cases (that is,

n - 1) is used as the divisor, rather than the number of cases (n), be-
cause this makes the measure more useful for statistical inference,
which is discussed later, and just as useful for statistical descrip-
tion, which is being reviewed now. This statistic, s¢, is called the
variance; the variance is of little importance as a descriptive statis-
tic, but it is important in statistical inference and in combining sam-
ples.

The standard deviation, s, is then

The standard deviation has the least intuitive appeal or obvious inter-
pretation of any statistical measure so important and so widely used.

The reasons for its usefulness relate both to its practical merits for

describing variability and to its role in statistical inference, that is,

drawing conclusions about populations from samples.

Even though frequency distributions arise empirically in the analysis
of experimental data, it is also possible to theoretically derive fre-
quency distribution functions using the laws of probability. Where in
the reduction of empirical data the term relative frequency was used,
now the term probability is substituted.

A random variable is a number, associated with the outcome of a
chance experiment, i.e., the number of heads obtained in repeated
flips of a coin.

For now limit yourself to functions defined with discrete values. That
is, the set of values such a random variable can assume is finite. The
continuous case is treated later.

If xg is a possible value of a discrete random variable . the probabil~
ity that the variable will assume this value will be written P(xg).*

It is customary to refer to the probabilities f(x), specified for all values
within the range of x, as values of the probability distribution or the
probability function of x. How does one derive a probability function?

*It is common practice to write the probability that the random variable

X assumes the value x as P (X =x). This notation fails to distinguish

between the random variable, a function, and the value of a random

variable, the corresponding dependent variable. ‘




The most common discrete probability distribution is the binomial dis-
tribution; it applies {o situations often referred to as "“repeated trials. "
If we want to know the probability that 12 flips of a balanced coin will
yield 5 heads and 7 tails, or that 3 of 10 persons will respond to agiv-
en mail questionnaire, we are interested in the probability of getting
a certain number of "successes' in a given number of 'trials", ¥*

If a box contains red and black balls and a ball is drawn, there are only

two possible outcomes: ''red" and "black'. We give the outcome
"black" the value 1 with probability P. Then the value assigned to

red" is 0, with probability q=1-p. The model is summarized by the
table

x P(x)
RED 0 q=1-p
BLACK 1 p

Suppose now that a random sample of n balls is drawn from such a box.
Denote the result by (xl, Koy vees xn), where Xi is the value 0 or 1.

Consider the new random variable

n
X=3 x

i
i=1
What is X? If is simply the number of 1's in our sample of 1's and 0's.

Your customer will want to know the frequency distribution of X, that
is, the probability that X is some valuey for any n and any y. The
answer is called the binomial distribution.

P(X =y) = Cyp¥ "7

The numbers n and p are called parameters of the distribution. Think-
ing of the collection of all binomial distributions, it is the value of the
parameters n and p, which describes a single distribution.

1.0~ PROBABILITY

0 02 04 06 08B IO

**This usage of ""success', '"failure', and "trials'' is a holdover from
the days when probability theory was considered only in connection with
games of chance. Thus, the term ''success'' is not meant to imply that
the outcome must necessarily be advantageous or desirable.

B ——
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DERIVATION

EVALUATION

EXAMPLE

One way to get X =y is for x, =1, x

=1, ..., xX=l, X.X+1=O,

=0, ..., and Xn = 0. Butbecause of the randomness of the

1 2

X

X + 2
sample, the probability of this is very small. The probability of pick-
ing a black ball for the first x tries is p¥. The probahility of picking

a red ball for tries x to nis ¢° *. Thus the probability of the above

. X n-X
occurance is po q = .

Any other sets of draws for which X =y will have x 1's among them
and n-x 0's. How many sets of draws of 0's and 1's make X =y? Or
how many ways can we choose the x places to put the 1's? The answer
to this is where

nl

C =
n'y yI(n= v)!
Thus, there are ncy arrangements of 0's and 1's which yield X =y..

But, the probability of a particular one of these arrangements being

Y Y

the outcome is p’ g~ 7. Hence, P(X =y) = P’ q

ncy

For large values of n and y the numerical evaluation of [ncy] |:pyqn_yjl

becomes tedious. Large tables of this distribution for various values
of n, ¥, and p have been published, but we have a better way--the
9100A program library contains a program to calculate nC v and the

In x and e~ keys make the powers a cinch.

Here is an example. In a certaintown 60 percent of the adult males
are homeowners, what is the probability that a random sample of 10
adult males will contain 6 homeowners? Take the probability to be

. 60 that, when a single adult make is chosen, he will be a homeowner.

In this case the sample size, n = 10. The probability p = 0.60. There~
fore: g =1-PpP =.40. The value of X is 6. Thus,

HX =y) = 1,Ce (-6)° (4)*
10! 6, 44
=W (.6) (. 4) =0.251

Thus, the chances are about 1 in 4 that the sample of 10 will contain
6 homeowners.

What is the probability that the same sample will contain at least 6
homeowners ?

Ans: . 543
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The Poisson distribution is a limiting form of the binomial distribution iﬁ POISSON
when p—=0, n—0, and np remains constant. It can be used to ap- gy DISTRIBUTION
proximate the binomial distribution when A= np <5andn> 50. :-» 2

X -A :

P(xA)= Av—e forx=0, 1, 2, ...,

The notation (x;\ } indicates that it depends on one parameter, A . The
poisson distribution can also be derived without reference to the bino-
mial distribution,and it has many applications in its own rights; in
other words, it has many applications where the binomial distribution
does not apply.
When dealing with problems containing more than a countable number CONTINUOUS
of outcomes, that is, in the continuous case, it is necessary to express FREQUENCY
probability measures with integrals. The probability that a random DISTRIBUTIONS

variable x assumes a value less than or equal to Xy is

*1
f f(x) dx
-
. where f(x) is the distribution function of x. Also
+

f f(x) dx =
o]

that is, something must happen!

The probability that it assumes a value somewhere in the interval
from a to b is equal to

b

f f{x) dx

a

You will often see this stated without the integrals by means of the
figure below. The probability that the random variable x assumes a
value on the interval from a to b is given by the shaded area, the
area under the curve fromatob . .
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Borrowing from the language of physics, f(x) is known as the proba-
bility density or as the value probability density function at x.

Let's look at three continuous probability densities which are widely
used; the exponential distribution, the gamma distribution, and the
normal distribution. It would be more appropriate to refer to these
probability densities as the uniform density, the exponential density,
and so forth, but the practice of referring to them as distributions is
deeply entrenched in the language of statistics.

The exponential distribution has the form
f(x) = % e (x/0) x>0

with 8 > 0. The integral of this probability density, 0 tow is equal to
1, i.e., something must happen sometime.

To illustrate how an exponential distribution might arise in actual
practice, let us calculate the probability that a random variable having
the exponential distribution does not assume a value less than or equal
to x, namely

F(x) i/ﬂm %e-(X/O) dx = e ~®/9)
X

Now we would like to show that e_(x/ 0) is the probability that a piece
of electronic equipment will not fail prior to time x if the probability
of failure during any small time interval A x is {1/8) Ax independent
of x. Dividing the interval from 0 to x into n equal parts Ax =x/n,
the probability that the piece of equipment will not fail during one of
these intervals is 1 -(1/8)Ax provided that Ax is very small. For
large n, the probability that the piece of equipment will not fail during
the time interval from 0 to x is, thus, (1 - [l/qa-x)n, which can be
written

1- %Ax (X/AX) = (1_A_X

_ (Q/AX) ‘(X/g)
)

If we now letAx approach 0, the expression inside the square brackets
approaches e, and the probability that the piece of equipment does not
fail prior to the time x approaches o~/ 953 The exponential distribu-~
tion, thus, provides the appropriate model for calculating probabilities
concerning the "lifetime' of the given piece of equipment.
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GAMMA
DISTRIBUTION

Another probability density which plays an important role in statistics
is the gamma distribution

L wl -G/B)
f(x) = I3°E T (x) x>0

where o« > 0, 8> 0 and[ () I g% eV gy for «>0. I «is an
integer, n, then {&)=T (n) = (n- 1)! Ordinarily I' (&) must be ob-
tained from a table of values of the gamma function. You, however,
are in a position to offer your customer a 9100A program. The graphs
of several gamma distributions are shown below:

—

A]—\ Nl_; -bl(,u

Notice that the parameters « and /3 are merely shaping parameters.
They allow one to vary the shape of the curve to best fit the data.

Special cases of the gamma distribution play an important role in the
theory of statistics. Ford =1 the exponential distribution is obtained
and for o =n/2 and {3 =2 the Chi-Square distribution is obtained.

NORMAL
DISTRIBUTION

The normal distribution is in many respects the cornerstone of modern
statistical theory. It was studied first in the eighteenth century when
scientists observed an astonishing degree of regularity in errors of
measurement. They found that the error patterns ohserved were
closely approximated by a continuous curve which they referred fo as
the “normal curve of errors’.

P(x) L

x ¥
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The equation of the normal distribution, whose graph is shown on the
previous page, is 1 o

7 )

N .8 ) = for - <x <@

B /2T

let =y and B =0

where o and 3 are real constants, 3 >0. The normal distribution has
a mean, [ and a standard deviation, o .

SHAPING By chosing appropriate values for the shaping parameters, ;1 and o ,
the resulting normal distributions describe a great many populations.
2
}:é'i N G-A
4 J R =l o
2 I o B
& p=0 Ha B
This brings up a problem, however. The many density functions re-
quire that each one be individually integrated to find the probabilities
that we are really interested in. This difficulty is eliminated, how-
ever, by transformation of variables,
7 = i:.L ‘
o
The numerator moves the density function from its individual mean
and centers it about the origin. The denominator adjusts the spread.
The resulfing standard normal density function:
2
+2 -
STANDARD 2
GAUSSIAN N = —2 e dz
DENSITY / 27T
FUNCTION “Z
. has been extensively tabulated; your library has a program.to evaluate
its integral. Other common density functions don‘t have’this conyeni-
ent property; they must be individually integrated. ' ’
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Several characteristics of the normal curve are worth remembering.
The curve has inflection points at z =+ 1. The area between -1 <z <1
= 0. 67; the area -2 <2< 2 is 0.987; the area -3 <2 <3 is 0.999, Thus,
in a normally distributed population 2/3 of all observations are within
one standard deviation of the mean.

Statistical inference is the process of reaching conclusions or making
decisions on-the basis of information contained in samples. For ex-
ample, a statistical inference is concluding the "true' average lifetime
of a certain kind of television tube is 5000 hours, or deciding (on the
basis of appropriate experiments) that one variety of corn has a higher
yield than another. Assuming the lifetime of the television tubes are
random variables having exponential distributions with the parameter
9, the "true' average lifetime we are irying to estimate is, in fact,
the parameter 8. Similarly, if the measurements of the yield of the
two varieties of corn are assumed random samples from populations
with the means By and Ko the decision to be made is whether ”’1 > g

or ,ul < ‘U'Z'

Traditionally, problems of statistical inference have been classified
into problems of estimation and problems of testing hypotheses. As in
the TV tube example, problems of estimation require that we provide
values for unknown parameters of distribulions; hypothesis testing,
the corn example, deals with reaching conclusions or decisions con-
cerning assumed values of the parameters.

A point estimate of the parameter in question is gotten by using a sam-
ple mean to estimate the mean of a population; a sample proportion to
estimate the probability of success on an individual trial; or a sample
variance to estimate the variance of a population.

Since point estimates based on samples don't usually give the values
of the parameters they are supposed to estimate exactly, il is often
desirable to give an interval rather than a single number. Then one
can assert with a certain probability (or degree of confidence) that
such an interval contains the parameter it is intended to estimate.

STATISTICAL
INFERENCE

POINT
ESTIMATION

INTERVAL
ESTIMATION
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For instance, when estimating the average 1. Q. of all college students
one might arrive at a point estimate of 117, or an interval estimate

to the effect that the interval from 113 to 121 contains the "true' aver-
age 1. Q. of all college students in the United States.

If the mean of a sample is used to estimate the mean of a population,
the random variable X is referred to as an estimator of £ and the
actual value which is obtained, say, X = 15. 3 is referred to as an esti-
mate of [t. The statistic which used to estimate a parameter is refer-
red to as the corresponding random variable.

When estimating the variance of a population, the sample variance, s,
will not always equal the population variance, o2 exactly. However,
it would be reassuring to know that this will happen at least on the
average, namely, that E(s?) = 02 (the expected value of the variance).
Similarly, if one must decide whether to estimate the mean of a popu-
lation with the sample mean or the sample median, it is important to
know whether X, the sample mean, or ¥, the sample median, is more
likely to yield a value that is actually close to the mean of the popula-
tion.

Statistical properties of estimators are used to decide which estimator

is most appropriate in a given situation. That is, which is more apt

to give a desired result, which exposes one to the fewest risks,which ‘
gives the most information at the lowest cost, and so forth.

When estimating the parameter of a population, it is desirable that re-
peated experiments give values for the estimator that on the average
equal the parameter for which they are an estimate. In other words,
it is desirable that the expected value of an estimator equals the para-
meter it is supposed to estimate, in which case the estimator is unbi-
ased. Il the expected value of an estimator is not equal to the para-
meter it is intended to estimate it is biased.

Using this definition the sample mean,X , is an unbiased estimator of o
since ER) =o . Similarly, it is easy to show that x/n, where x is tne
number of successes in n trials, is an unbiased estimalor of {ee
parameler p (the probability of a success for one trial) of a binomial
population.

When the sample variance, sz, was defined it was divided by n-1 rather
than n. This made it an unbiased estimator of ¢ for random samples
from infinite populations. To prove:

2
E(sz)=E nl—l ;%.-.1 (Xiu.“‘:)
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Using the fact that E |:(xi -1 ){I =0 2 and
E |:('£ - u);_]=‘cr Z/n, it follows that

2
2 i n 2 o 2
Be)=qgor(2 e -0 5 =7

Note that s2 is not an unbiased estimator of the variance of a finite
population and that in either case s is not an unbiased estimator of o .

If one has to select one of several unbiased estimators, it is customary
to base the choice on their relative efficiency. If 91 and 92 are two

unbiased estimators of 9, 91 is said to be relatively more efficient
than 92 if var (91) is less than var (92). An actual measure of the
relative efficiency of 91 with respect to 02 is given by the ratio

var (92)
var 91

Thus, an unbiased estimator is particularly desirable if the variance
of its distribution is small, that is, if the area under its density or
distribution is concentrated closely about the mean.

Suppose one wants to estimate the mean of a normal population with a
random sample of size n using either the median or the mean.

X is unhiased and var (X ) =c 2/n. The variance of the median, which
is also unbiased, is approximately o 2/Zn. Hence, the sample mean
is relatively more efficient than the sample median for estimating the
mean of a normal population; the relative efficiency isw /2. The fol-
lowing is a somewhat more intuitive way of stating this result: since

o 2/n for n = 64 is approximately equal towo 2/2:1 for n = 100, a sam-
ple mean hased on 64 observations is "as reliable" as a sample median
based on 100 ohservations.

Intuitively, it seems natural to estimate the mean of a population with
the mean of a sample: to estimate the actual variance of, say, the
strength of some kind of ceramic tile, with the variance of a sample.
Although there are many instances where such "obvious" estimators
are best, this is not always the case.

It would seem desirable to have some general methods yielding esti-
mators which have the properties discussed in the preceding sections.
One such method is the method of maximum likelihood. Another, the
method of least squares, will be discussed later.
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In two papers published in the early 1920's, R. A. Fisher, proposed
a general method of estimation, called the method of maximum likeli-
hood. At the time he also demonstrated the advantages of this method
by showing that for large n, the maximum likelihood estimators are
most efficient.

In principle, the method of maximum likelihood selects that value of
a parameter @ for which the probability (or probability density) of ob-
taining a given set of sample values is a maximum.

You now know how to describe a population by its frequency distribu-
tion or parameters of its frequency distribution. This is fine if your
customer can measure all members of the population. More often he
can't, but instead he must estimate the population parameters from a
sample.

A sample is often referred to as "the data' or 'the observations':
numbers that have been observed. The population or universe, on the
other hand, is the totality of all possible observations of the same
kind.

A single population can give rise to many different samples; thus, the
population is stable but samples vary. A central problem is determi-
ning what inferences about the population can be drawn from the parti-
cular sample actually available in a practical problem.

A closed box contains an unknown number of red and green beads. Mix
the beads by shaking the box, take a sample of 20, record the number
of red beads, put the sample beads back into the box. Repeat 49 times,
producing 50 samples in all.

This illustrates the kind of results expected if repeated samples are
drawn with the same initial conditions. Since the beads from one sam-
ple were returned to the box before another sample was drawn, the
population remained the same. It was as if one person studied the pop-
ulation of beads by drawing a single sample of 20 beads and counting
the number of red beads, a second person studied the same population,
and altogether 50 people studied it independently by exactly the same
methods.

What is the proportion, P, of red beads? Always distinguish clearly
between P, the proportion in the population,and p, the proportion in the
sample. When P is unknown, one faces the statistical problem of basing
our decision on the incomplete information about P given by p.




How does p (or any other sample statistic) vary from sample to sample?
What appears in a single sample depends on chance, but the pattern of
chance variation in repeated samples depends on the population.

These two facts correspond with the basic problem and the basic tool
of statistical analysis. A sample is not a miniature replica of a popu-
lation. So when decisions about a population are based on a sample
it's necessary to make allowance for the role of chance in determining
the characteristics of that particular sample. The basic tool is know-
lege of the patterns of sample variability resulting from various popu-
lations. This gives the probability of getting the observed sample from
any of the different populations with might conceivably have been its
source.

The greater the variation among population items (that is, the less
homogenous the population), the greater, other things equal, will be
the variability among samples. In analyzing samples you will repeat-
edly fall back on the question, "Can the observed differences reason-
ably be explained by chance?'' Only when the answer is 'no" will the
evidence imply assignable causes.

In generalizing from the sample to the population, allowance must be
made for the fact that the sample results are partly fortuitous. This
allowance is made by considering the pattern of sampling variability,
called the sampling distribution, of sample results.

Your 9100A program library deals with random samples from normal
populations, namely, infinite populations of the form N (xi; w,o 2).

In particular, one wants to calculate and use the distributions of the

2

. - 2 _
statistics x, s, /h (X -p) /s, and 512/ 522, where s 2 and Sy

1
are the variances of independent random samples from two normal
populations.

If X is the mean of a random sample of size n from the normal popula-
tion N(x; y, 0_2), then the sampling distribution of x is the normal dis-
tribution N ( X; 4,0 2/n).

Many applications of this important fact exist, Let's take a typical
example. A production process turns out thousands of compression
springs each day. The spring lengths should average 4 inches, and
the vast majority of springs should deviate less than 0. 05 inches from
this average. In other words, the process is under control if the length
of any one of the springs (selected at random} is a value from a
population having the distribution N(x; 4, 0.0025). To check whether
the process is under control, 25 springs are randomly selected from
each day's production. The lengths of these samples will have the dis-
tribution N (x; 4, 0.0001) and the process is considered under control

SAMPLING

DISTRIBUTIONS

CHANCE?

SAMPLING
DISTRIBUTION
OF MEAN

TEST MEAN
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~if the mean of their lengths falls within 1.5 standard deviations of the

sampling distribution mean. What is the probability that a sample
will fail to.meet this critérion even though the process is under con-
trol?

3.985 o fe4.015
-1.5 +1.5

- Normal Distribution

The answer to this is the ratio of the shaded area to the total area of
the figure above, representing the probability that a random variable
having the normal distribution N(X; 4, 0. 0001) assumes a value less
than or equal to 3. 985 or greater than or equal to 4. 015. The slanted
numbers label the normalized curve. Use your calculator to find the

answer, v .

THE t In random samples from normal populations the sampling distribution
DISTRIBUTION of (X - 4),/n/o is the standard normal distribution. One difficulty in

applying this is that in actual practice o is usually unknown, which

makes it necessary to replace it with an estimate. However, an exact

sampling distribution, £(t), for (X - 1)./n/s for random samples from

normal populations may be obtained. |

Yo
) = Z (7F D2

+ —

v

for -0 < t<®@

This distribution is called the t distribution (or the Student-t distribur
tion) withv (v is the Greek letter nu; ¥ =n - 1, n = sample size) de-
grees of freedom. Y is a constant depending on  such that the total

area under the curve is one. The districution was first obtained by

W. 8. Gosset, who at the time was employed by a well-known Irish
brewery. .Since this brewery did not permit the publication of research
done by its staff, Gosset chose the pen name "“Student"; hence, -the
name "Student~t distribution. " ‘
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0.44 - NORMAL DISTRIBUTION

v=4"

v=l

-2 - 0 | 2 3 4
Student's t distribution for various values of »

T
-4 -3

In view of its importance, the t distribution integral

®
f:(t) dt =a
t-v .

has beentabulated extensiveiy, and there is a progrram in the 9100A li-

brary to evaluate this integral. Note that in view of the symmetry of.

the t distribution tl- i -tcz v+ Whenv exceeds 30, the t distribu-
3 ?

tion, or better the distribution of t, Av - 2)/y can be approximated
with the standard normal distribution.

K X and s are the mean and the standa_rcf deviation 'pf a i'andom sample
of size n from the normal population N(x; 1,o 2), then (X- p)./n/s
has the t distribution with n-1 degrees of freedom.

To illustrate, let's check whether the mean of 2 given normal population
is p =100. A random sample of 16 had a mean of 108 and a variance
of 9. We thus get o '

= X=4 _108 - 100 _ 10. 87
s//M 37716

Since the probability of getting a value of t greater than 10, 67 is 10~°
for 15 degrees of freedom; it would seem reasonable to reject the hy-

pothesis that the sample came from a normal population whose mean
is 1 =100,

TEST MEAN
WITH SMALL
SAMPLE
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If 52 is the variance of a random sample of size n from the normal
population N(x; u,o 2), then n 52/ o ¢ has a chi-square distribution
withv =n - 1 degrees of freedom. The chi-square distribution x 2
is a special case of the gamma distribution with the shaping parame-
ters « =¥ /2 and B =2,
Xy 2
() = [ L -2/2 (x/2)
o) 2 72T ()

forx >0

The chi-square distribution has a mean and variance that are, respec-
tively, v and 2v .

The chi-square distribution is used to develop interval estimates for
standard deviations and to test hypotheses concerning variances. In
the past the standard deviation of weights of certain 40.0 ounce pack-
ages filled by a machine was 0,25 ounces. A random sample of 20
packages showed a standard deviation of 0.32 ounces. Is the apparant
increase in variability significant at the 0. 05 level of significance?

The two hypotheses are:
HO: o = 0,25 ounces, and the observed result is due to chance

Hl: o > 0,25 ounces, and the variability has increased

The value of x2 for the sample is X 2 . n 32/0’ 2 _ 32.8. Hypothesis

H_ should be rejected if the probability of getting X2 = 32.8 for 19 de-
grees of freedom is smaller than 5%. Using your program library,
what is your decision? Should the manufacturer check his loading
machine or not?

The chi-square distribution has a number of important mathematical
properties. If x has the standard normal distribution, then x2 has the
chi-square distribution with 1 degree of freedom.

More generally, if Xy Xgs ++.» and X, are independent random varia-
bles having standard normal distributions, then

M:

2
Y = X

1

has the chi-square distribution with n degrees of freedom.

This fact allows us to use the chi-square distribution to test the good-
ness of fit between experimental data and theoretical model,




——— THEORETICAL CURVE

EXPERIMENTAL DATA

The deviations, dj, between the ith data point and the theoretical curve
should be normally distributed if the data does, in fact, fit the curve.
Therefore, Z(di)2 will have a chi-square distribution, and we can
find the probability of discrepancies between expected (theoretical) and
observed (experimental) points,

Occasionally the 'theoretical" curve will be estimated from the data,
This will reduce the number of independent deviations, dj, by the num-
ber of curve parameters obtained from the data, For example, an
infinite number of second order polynomials can be made to go thru
two given points. Only one quadratic, however, will pass thru three
given points, If there are four points thru which a quadratic equation
has been fitted, three points are required to specify the fitted curve;
only one point, the fourth, can be used as an independent check on the
goodness of fit,

If Xy and x, are independent random variables having chi-square dis-

tributions with vy and vy degrees of freedom; then the F distribution
is given by

Letm=y1
n =V2

F m+n ; -g- %—1-2 -5
' =3 m n

f(x) =

]

r(3)r(3)

x>0

One important application is comparing the variances of t\go norm@l
populations; for example, in testing the hypothesis thato 1 =9 4
Recall
2 2
(n1 -1 sy (n2 - 1) Sy
- 2 and A

71 T 2

DEGREES
OF
FREEDOM

F -~ DISTRIBUTION

COMPARE
T™WO
VARIANCES
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are independent random vartables having chi-squres distributions with
ny - 1 and n, - 1 degrees of freedom if the samples are independent,

and random and also from normal populations. Assuming o 12 =g 22
then
2
(nl- 1) Sl /
2 (n, = 1) 2
o 1 1 . Sl )
(ng - 1) S,° 5;
—— (ng = 1)
P .
2

has an F distribution with n - 1 and n, - 1 degrees of freedom. The
probability of the hypothesig being true is the ratio of

a o
f £(x) dx to f f(x) dx.
X 0 . .

You know how to compare means of two populations. How are mean
values of many populations tested? The F distribution is the required
tool. The technique is to consider the varlous samples first indivi-
dually and then as one large sample,

Consider four samples each of size 6. Assume (for now) the population
means are the same, these four samples can be regarded as four inde-
pendent samples from the same normal distribution. Compute the

sample means X,, iz. X5, and X,.

Compute the standard deviation of the four means and compare it with
the standard deviation of the entire data. Actually, it is simpler to
deal with variances, the squares of the standard deviations, and the
corresponding relation

2

oz =cr2/n .

The four means can be regarded as a sample from the population of
means of all samples of size 6. The distribution of means will have a
variance equal to the variance of the observations, divided by 6.

2

02
°x %
2
2
or Go-i =g

The 2analysis involves three stages: (1) Compute a sample estimate of
o3 treating the means as a sample, (2) Compute a sample estimate
of oy 2 using the variation within the individual samples. (3) Finally,




compare these two sample estimates, allowing for some discrepancy
due to sampling error. If the number obtained directly from the means
is significantly bigger than the number obtained from the variation of
the observations within samples, it may be concluded that something
has been added to the ordinary sampling variation among the means--
in other words, that the samples come from populations with different
means.

Thus two independent estimates of o 2, s A2. swz. are computed from

these four samples. Under the hypothesis that the four2 samples are
drawn from the same population, one would expect s A and SWZ

to be the same, within the limits of the appropriate pattern of chance

variation.

This method of testing the equality of a group of means is an elemen- ANALYSIS
tary case of what is known as the analysis of variance. This elemen- OF
tary version assumes the variability is the same in all the populations VARIANCE

being compared, whether or not the means are the same.

Had s A2 been larger than sw2 ,» we would have faced the question

whether the excess was more than could be attributed to chance, This
question is answered by computing the variance ratio, or F ratio, so
named for Sir Ronald A. Fisher who introduced the method being dis-
cussed, and a wide range of related methods, in 1924:

Statisticians are equipped with rather elaborate tables of the F distri-
bution, in which they select a page corresponding with the significance
level, a column qlorresponding with the number (k - 1) used in the de-
nominator of s A and a row corresponding with the numbers

(3 n - k) used in the denominator of swz. There they find the rejection

level of F--the value which, if exceeded, leads to rejection of the
hypothesis that the population means are equal,

It is often desirable to observe and measure the association between LINEAR

two or more statistical series, For instance, it may be desirable to CORRELATION
know whether there is a relationship between changes in the cost of

living and changes in wages; the amount of electrical current passed

through a solution and the amount of substance deposited by electro-

chemical reaction; and many other similar associated (correlated)

series,

143



144

SLOPE
AND
INTERCEPT

LEAST
SQUARES

If two related series are plotted graphically with one variable placed
on the X axis and the other on the Y axis, the result is known as a

scatter diagram. The independent variable is placed on the X axis

while the dependent variable is placed on the Y axis. The dependent
variable is to be estimated from the other variable, If there is a de-
finite relationship resulting from plotting the associated variables on
a chart, the points will follow a definite line of movement or "path,"

One would like to find the equation relating y to x and quantitatively
measure the amount of correlation, Any straight line is completely
specified by its intercept and slope, so the problem of fitting a linear
regression line reduces to estimating the intercept and the slope.

The problem can be looked at this way: There is a sample of n pairs
(X,Y) of values from a population, Values of Y are independently
normally distributed with means, M, that depend on X through the
following equation:

M= A + BX,

The standard deviation of Y for a given X, denoted by y.x’ is as-

sumed to be the same for all values of X, but is usually unknown.

In effect, then, we have a series of separate populations for Y, one
population for each value of X, These populations are assumed to be
normally distributed. For any particular value of X the mean of the
population of Y's is A + BX, The problem is to make estimates, a
and b, of the parameters A and B of the population, on the basis of

a sample,

The principle of maximum likelihood leads to selecting a and b by
what is called the method of least squares. This method selects a
and b so the mean of the squared vertical deviations between the data
and the fitted line is as small as possible,

Y

Y=a+bX




A "vertical deviation" is the vertical distance from an observed point
to the line, as depicted by the vertical segments. The deviation of
each data point is squared and the line is placed so the sum of these
squared deviations is a minimum, This could be done by trial and
error, but that is not necessary, The least squares line can be found
from convenient formulas for a and b.

The formula for the maximum likelihood or least-squares estimator
of the slope is

b= Z(X—?)(Y—ﬁ
S X-%)°

This may be written in the following form, more convenient for com-
putations:

n

2
sx? _ (2%
n

Once the estimated slope, b, is known, the estimated intercept, a,
is easy to compute:

X =2Y _, ZX

|

The formula for any straight line will be:

Yc=a+bX

where Y¢ represents the computed or theoretical value for Y obtained
by substituting the appropriate value in the formula,

Ity est represents the calculated value of Y for given values of X,a
measure of the scatter about the regression line of Y on X is supplied

by the quantity
2
s . /2Y - Yegt)
vy X VYT n-92

. n-
which is called the standard error of estimate of Y on X.

An analogous standard error of estimate of X on Y is defined by
- 2
.. X Xost)
X.y n-2
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In general, s
& y

The standard error of estimate has properties analogous to those of
the standard deviation. For example, if lines parallel to the regres-
sion line of Y on X are constructed at respective vertical distances

Sy.x’ 2sy.x' and 3sy.x from it, one would find, if N is large enough,

that there would be included between these lines about 68%, 95% and
99.7% respectively of the sample points. The points are normally dis-
tributed about the line.

In this estimate n - 2 is the number of degrees of freedom, instead of
n - 1, because the deviations are based on two quantities (a and b) com-
puted from the sample, not just one as in the simple standard deviation.,

The regression equation Y = a + bX 1s obtained on the basis of sample
data, The following are two tests concerning the population from which
the sample was drawn.

To test the hypothesis that the regression coefficient is equal to some
specified value, use the fact that the statistic

t=_1_)._-_B_...q/n_2 z_b_-l n-2

Sv.x % /1 -r2

has Student's t distribution with n - 2 degrees of freedom. This can
also be used to find confidence intervals for population regression co-
efficients from sample values.

Let Yo denote the predicted value of Y corresponding to X = X o Let Yp

denote the predicted value of Y corresponding to X = X, for the popula-
tion. Then the statistic

Y - ¥
t= > P

sy.»\/l +1/n+ (Xo - X)z / (nsxz)

has Student's t distribution with n - 2 degrees of freedom. From this,
confidence limits for predicted population values can be found,

The total variation of Y is defined as £ (Y'— ?)2, i.e., the sum of the
squared deviations between Y and the mean Y. This can be written

Z(Y-Y_)2=Z(Y-Yest)2+ 2y, - 0?2




The first term on the right is called the unexplained variation while
the second term is called the explained variation, so called because the
deviations Yest —~ Y have a definite pattern while the deviations Y -
Yest
hold for the variable X,

behave in a random or unpredictable manner. Similar results

The square root of the ratio of explained variation to total variation
is called the correlation coefficient. If there is zero explained varia-
tion, i.e., the total variation is all unexplained, this ratio is zero.

If there is zero unexplained variation, i.e., the total variation is all
explained, the ratio 1s one. In other cases the ratio lies between
zero and one. The quantity r is given by

o2
r= Jemlained variation _ S(Yegt - Y)
total variation (Y - ?)2

and varies between -1 and + 1, The signs + are used for positive lin-
ear correlation and negative linear correlation respectively., Note
that r is a dimensionless quantity, i.e., it does not depend on the
units employed.

The ideas which we have discussed with regard to linear curves fitting
can be extended to non-linear curves.

CORRELATION
COEFFICIENT

NON-LINEAR
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The #9100A calculator can be interfaced with other equipment by using INTRODUCTION
the connector on the rear. The calculator can both receive information
and give information, and thereby control devices connected to it.

Any key on the keyboard can be activated from the rear connector to
accomplish entry of data, execution of an operation or entry of a pro-
gram step. Codes are entered digit serial-bit parallel. Operations
and digits use a six bit code-

Information can be obtained from the display using signals available

on the back connector of the 3100A. The information appears digit
serial-bit parallel with the least significant digit of the displayed num-
ber first. The output section of this report explains the complete pro-
cedure.

Program steps stored in program memory and the operation codes for
each keyboard execution are additional pieces of information available
from the rear connector.

The FMT and PRINT keys are two keys on the calculator used for con-
trolling external devices. The PRINT key causes a signal to appear

on one line on the connector and is used to activate the 9120A printer.
The FMT key similarly activates a line on the rear connector. The
power of the FMT Kkey is expanded by grounding another line on the rear
connector. Each FMT operation must then be followed by another key
to complete the cycle. For example, FMT-0 advances one line on the
9120A while FMT-$% and FMT-{ are used to move the pen on the 9125A
X-Y plotter. FMT followed by any other key on the calculator is an
instruction free to control some external device. After any FMT oper-
ation, the calculator waits for a signal from the external device before
continuing.

The information rate is an important consideration when the calculator
is part of a system. The various operations within the calculator are

a time sequence of events which can be interrupted only at particular
times. For this reason there is an upper limit to data entry determined
by the internal string of operations required. For data entry there is

a slow but simple technique and a faster but more involved method.

The operations and their limitations are summarized below.
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SIGNALS

Type

Speed

Comment

' Input data

Digit rate < 3 kc

No display above 30/sec

Output data

Digit rate < 2 kc

Least significant digit first

Input pgm. stp.

Entry rate < 2 ke

No display > 30/sec

Output pgm. stp.

Step rate < 2 ke

No display > 30/sec

Operation code

during store pgm.

< 30/sec

Slow rate only

Operation code

during execution

. 03 ms<time<320 ms

Limited by execution time

FMT or PNT
signals Rate < 2 kc From program
PNT operation < 60/sec X, Y, Z information

The length of cable over which the signals from calculator may be
transmitted without buffering is limited to approximately 3 feet. Some
of the 9100A signals are as short as 550 ns from an impedance of 2.2
k2, while others are D.C. As line length increases, the effects of
common line capacitance between signal leads tends to obscure the
desired signal. However, many feet of coaxial transmission line can
be used when the 550 ns signals are buffered with emitter followers a
foot or two from the calculator.

The inputs to the 9100A are subject to 500 ns sampling. The inductance
of long wires may prevent maintaining adequate logic levels at the

9100A connector.

Usually these problems can be solved by using a

braided shield around the input wires as the ground reference.

The signals available on the 44 pin rear connector are listed below,
each with a brief indication of its purpose and type - input or output.
The running time of a program can be estimated by summing the exe-
cution time plus 0.2 ms for each step of the program.




Brief Purpose

Type

Keyboard Oriented

Logic Oriented

NK20

NK21
NK22
NK23
NK24
NK25
YKDN
YRAD
YFLT
NFLT
YRUN
YINH
TP
NHLD

YAFZ
HFMT
HOUT
F40B
F41B
F20B
F21B
F22B
F23B
F24B
F25B
ITBB
IADV
ICHF
IOPF
YCOD

YCHA

YDSP
YSKIC

YGNES
~

, Keyboard lines entry
of codes

Keyboard entry flag
Forces degrees
Forces fixed
Forces float
Forces program mode
Disables keyboard
Indicates stop key pushed
Holds at sync state
Passover sync state
Allow FMT types
Indicates FMT oper.
Indicates PRINT oper.
Reg. of display

} & program with IOPF

+

. Output of codes for num-

bers and operations

Output code strobe
Timing strobe

Indicates start of display
Indicates new operation

Used to look at character
codes of the display

Used to look at decoded 7
segment codes of display

Forces exit from display

Used to store program
steps

Used to look at stored
program steps

In

In

In

In

In

In

In
Out

Plug Connections

NK25 (A1 'NK24
NHLD (B |2 | NK20
YRAD |C |3 |NK21
YFLT {D |4 | NK22
YRUN (E |5 | NK23
HOUT |F |6 [HFMT
F20B |H|7 |F21B
F22B (J |8 | F23B
F24B |K (9 [F25B
NFLT |L {10

ITBB |M|11{ISTP
IADV (N [12|ICHF
IOPF |P |13| F41B
YINH (R (14| F40B
YKDN |S (15 YCOD
YGNPST (16| YDSP
YSKIC |U |17|YCHA
YAFZ |V |18{NDGO

W | 19|SPARE 3
GND (X |20{END
SPARE 2 [Y [21|SPARE 1
-15V |Z |22|-15V
HP 91004

Plug Location
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Logic Levels and
Equivalent Circuits
Seen Looking Into

the 9100A Calculator

EXAMPLE INPUT
DRIVING CIRCUITS

EXAMPLE QUTPUT
DETECTION CIRCUITS

152

Type Boolean Equivalent Circuit
Outside Calc. Inside Calc.
0 -1<V<+10 Signal
3.3K
Input -15
Signal 230< V<-4 Signal
1
10K
-15
0 -—
2.2K
Output
Signal
1 el -6
2.2K
-12
To
To To Calc
Cale cad 7 0
+1
TTL
500
+5
From

From

Calc

3.3K -2v
33K

Cal

»
(7]
=
el
1
N
<

4, K TTL
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Key Codes and
Maximum Execution
Times Organized
by Operation

. 21 .03 EXP 74 130
+ 33 2 f 15 .25
- 34 2 FMT 42 .02
+ 35 27 GTO 44 .03
X 36 22 HYP 67 .03
0 00 .03 IFL 43 3
1 01 .03 INT 64 .06
2 02 .03 LN 65 70
3 03 .03 LOG (] 90
4 04 .03 )% | 56 .1
5 05 .03 PNT 45 .03
6 06 .03 POL 62 400
7 07 .03 BSE 57 150
8 10 .03 RCL 61 .5
9 11 .03 RCT 66 400
a 13 .25 RDN 31 .45
ABS 55 .03 RUP 22 .45
ACC+| 60 5 SFL 54 .03
ACC-| 63 5 SIN 70 200
ARC T2 .03 SQT 76 30
b 14 .25 STEP | 51 -
c 16 .25 STP 41 .03
CHS 32 .03 TAN 71 200
CLR 20 1 up 27 .3
CLX 37 .12 X=Y 50
CNT 47 .05 X<Y 52
COS 73 200 X>Y 53
d 17 .25 XEY 30 .25
DN 25 .3 XTO 23 .03
e 12 .25 YE 24 .03
EEX 26 .03 YTO 40 .03
END 46 .2

LN 10% 77 .1

Each operation requires 0.2 ms
more when executed in a program. *Not on keyboard .




The simplest way to enter information into the calculator is explained
in the following sections and may be used providing the entry rate can
be less than 30 ch/sec. This method is also used by the keyboard to
enter keystrokes. Devices such as mechanical switches can be used
for input because there is a built in delay which will allow 12 ms for
contact bounce to end. Digits are entered in serial digit-parallel bit
BCD with most significant digit first.

NK20-NK25 are six key lines on which binary key codes can be entered
into the calculator externally. The desired key code is selected from
the list of octal codes. These codes are the same as listed on the pull
out card under the 9100A. To enter a particular code convert the oc-
tal code to binary and compliment it {(change 1's to 0's and 0's to 1's).
This code is applied to the input lines. NK25 is the most significant
bit; NK20 is the least significant bit. Below is an example for entering
the digit 9.

1) Octal code for 9 1 1
2) Octal to binary 001 001
3) Compliment binary 110 110
e
-

4) Signals applied NK25——T

to key lines NK24

with logic levels NK23

-

as described for NK22

input lines in the NK21

Fig. on top of

page 152, NK20

When the key code has been applied to NK25 - NK20, YKDN is used

as a signal to enter the information. Since the keyboard also used NK
25 - NK20, these lines should see a high impedance when not being used
externally.

YKDN is a signal used to tell the calculator that there is a code on the
key lines. YKDN can be used only if the calculator is in display. Other-
wise it does not cause an entry. When YKDN goes to a 1, there will

be a 12 ms delay before the calculator can accept the code on the key
lines. Some additional time is required to insure that the calculator

has accepted the code. Additional time is required to reset the input

for the next entry.

The simplest entry of digits is limited to 20 digits/sec in fixed point
display and 30 digits/sec in floating point display and uses just YKDN
and the key lines. All digit entries go to the X-register.

INPUT AT LESS THAN

30 CHAR/SEC
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Digit Entry in
Fixed Point
Display

Digit Entry in
Floating Point
Display
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it
%

_

YKDN 0— -
apply input to _m %z A
key lines | fe—y | —ny '
ist digit 2nd digit
accepted accepted
ty = 12 ms Contact bounce delay
ty > 20-ms Data accepted
ty > 20 ms Reset time

Two signals YFLT and NFLT allow external control of the FIXED-

FLOAT switch.

FD(Ei)t-tF;LOAT YFLT | NFLT Dis;;)l:g;nwill
FIXED 1 1 FIXED
FLOAT 1 1 FLOAT
either lor0 0 FLOAT
either 0 1 FIXED

Using NFLT to force the display to floating point, data can safely be
entered up to 30 digits/sec. When the calculator is in floating point,

it will check for data entry more often than in fixed point allowing faster

data entry.

{41t |ty Sra-tyerad, ety Siety et —sret -9

| —— povm—
last
NFLT O entry

apply ot %7/ 7% %
ey lines

ty > 20 ms - initialization t, > 10 ms - accept data

t1 =12 ms - delay

t

3

>10 ms - reset




As can be seen from the previous discussion, digit entry externally is
directly analogous to digit entry from the keyboard. Information could
be entered in floating point by entering in the correct sequence the codes
for EEX and digit for the exponent or CHS for negative numbers.

Any key operation can be entered externally; however, before the next
operation can be entered, the external device must wait for any addi-
tional execution time listed on page 154, This time is added to t,. For
example, if the key entry were a COS function which requires 200 ms
maximum time, t3 would have to be at least 210 ms long in a floating
point display.

ENTER 472 FROM DVM IN A PROGRAM

1) Assume that the calculator is in display either fixed or float.

2) Use a 4 bit scanner to select the most significant BCD digit (4) from
the counter. Each digit is entered in order after being selected by
the scanner. At the end of the entry the calculator can be started
in a program by entering CONTINUE.

}_\“**7" T T entf

NFLT

|
o_
N 04 o7 02 a7
YKDN
I —
NK20 o\l o \ I/
| 4
NK2 o\ | ! /S

NK22 T\ H/ o\ i/

o ;
I

NK23 o 0 0 0 ° —_
|

NK24 S A A
| b

NK25 0 © 0 o \__ |/ -

0 20 40 60 80 100 120 ms™

The calculator may be externally forced to the Program mode with
YRUN.

YRUN Calculator Enters
1 According to RUN-PRGM Switch
0 Program Steps

Program steps may be entered by following the timing below.

EXAMPLE

Example
Entering 472
CONTINUE

Use of YRUN
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Entering Program Steps

Use of YRAD

Use of YINH

Use of ISTP

(1 g ——wrat | et drat 3 Srat | Sraty Bretz el Sete
|
YRUN © last
' - N entry
YKDN © -
a input %%
e =z

accept data

t 4> 20 ms - initialization
t1 = 12 ms - delay

ty 2 10 ms - accept data
t3 >10 ms - reset

The calculator may be forced to compute in degrees for circular func-
tions by using YRAD.

YRAD Circular Computations
1 According to DEG-RAD Switch
0 In Degrees

When a program calls for data from some external device, the calcu-
lator must signal this device to enter new data. There are some out-
puts called HOUT, ICHF, and HFMT which could be used for this pur-
pose, and these signals are described in the output section of this
report. For very simple systems it may be possible to wait long
enough to know that the calculator has finished before entering the new
number. In any case, the calculator must be displaying before any
new digits can be entered.

Any time that NK20 - NK25 are being used externally, pushing a key
down on keyboard may result in the wrong code being entered. A sig-
nal called YINH will prevent keyboard entry of all keys except stop
and pause as shown below.

YINH Keyboard
1 All keys enabled
0 Only STOP and PAUSE enabled

An output called ISTP is tied to the stop key.

ISTP Function
1 STOP key is down
0 STOP key not down




When other keys are disabled by an external device, ISTP provides an
override. For example, the X-Y plotter uses YINH while moving.
ISTP provides a means for the operator to lift the pen and return it to
its zero position if an eror causes the pen to move off scale.

The previous section describes a simple method of entering data, but
the rate is slow, because time is renuired for keyboard delay and for
display. This section describes how to avoid the display portion of the
9100A logic which allows up to 2000 entries/sec.

Two signals, called NHLD and NDGO, are used to allow external con-
trol of the synchronization of the display. Just prior to the formation
of the least significant character of the X register, the calculator waits
for a synchronization signal. Normally this signal is derived from the
power line, but using NHLD and NDGO the time spent waiting may be
externally controlled.

NHLD NDGO Display Will
1 1 Synchronize with power line
0 1 Stop at sync state in less than
20 ms
loro0 0 Not wait in sync state. If the

display has been stopped when
NDGO = 0, the logic will check
for key entry before starting the
display.

A signal called YDSP will simulate a key entry following the sync state.
However, the 9100A will continue to repeat the operation coded on the
NK20 - NK25 lines each time the calculator leaves the sync state and
YDSP=0.

YDSP 9100A Operation
1 Normal display
0 a) Exit from display at sync state

b) Execute code on NK20-NK25
according to RUN-PROG switch

c) Repeat (b) each exit from sync
state

Digit entry rate can be as high as 2000/sec by using NHLD, NDGO and
YKDN. Before digits can be entered at this rate the calculator must
be stopped in the sync state using NHLD. YDSP is then set to 0 making
the 9100A ready for entries. Each time the NDGO is pulsed to 0, the
key code on NK20-NK25 is entered. RUN-PROGRAM switch must be
set to run. The timing involved in digit entry at this rate is described
below.

INPUT AT

GREATER
THAN
30/SEC

Use of NHLD
and NDGO

Use of YDSP
Signal
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Data Entry at 2000
Digits/Sec Rate

| calculator
returns to
NHLD © display
I
YDSP o
H Z 7z
NDGO ZERZ last digit
apply % ZZ M2 ZMZZ
data to |t3l 13 13( ta

t1 > 10 us and < 30 us - digit entry

t2 > 500 us - wait

t,> 10 ms if calculator is in display at tg or time until 550 ns
pulse on ICHF if calculator is not in display at tg

t, >0 - data lead time

3

The calculator may be started in a program after any entry by enter-
ing the code 47 for CONTINUE as the last code.

Program steps may be entered so that the X register displays the steps
or so that there is no change in the X register. Program steps dis-
played in X register may be entered using timing described above with
the addition that YRUN = 0 during the entry period or the RUN-PRO-

GRAM GRAM switch can be set to PROGRAM. Entering program steps with-
out changing the X register requires the use of the-YSKIC signal.

Use of YSKIC YSKIC When Entering Programs, 9100A Will
1 Cperate as normal
0 Stop just before storing the next program

step. When YSKIC goes to 1, NK20-NK25
code will be stnred as a prog. step

Storing program steps without changing the X register follows the tim-
ing below. However, the signal strobe for a store operation is now
YSKIC rather than NDGO.
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YDSP return to

display

YRUN

'
ry

YSKIC

N\
AN

77

Z

”

NN
AW

apply
code last
code

> 250 us initialize

. ty =10 us
t, > 10 s and < 150 us

-
bt
1}

code accepted
data strobe time

initialize

v
o
=4
3
o
1

race avoidance time

v
[=]
1

repetition time

L
v
n
=
=)
=
o
[}

race avoidance time

\'
(4]
(=}
S
[(¢]
]

The display monitor is a cathode ray tube which displays the charac-
ters with an electrostatically deflected electron beam. There are three
registers displayed from bottom to top called the X, Y and Z registers.
The registers are traced one digit at a time from right to left starting
with X then Y then Z.

3.‘&{9 00) Z Register
C N .
o \:\ @ Y Register
1.000 :ooo X Register
This order of display was chosen to allow round up of the last place of
a register in fixed point.

Entering Program
Steps up to 2000/

sec Without Changing
the X Register

OUTPUT OF DISPLAYED
INFORMATION

Formation of
Display
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The normal display is a field of figure eight patterns. The characters
are formed by blanking (turning off electron beam) during various seg-
ments of this figure eight pattern.

T-Segment
Character
Formation
?i%sd?e zero one two three four
Eight
five Six seven a b nin:
c d -
Each figure eight pattern is formed from a left and a right hand part.
The left hand part is a figure E pattern with 5 segments and the right
hand part is a line with 2 segments. The codes for the characters
are BCD and are available from the interface connector. The left and
right hand character codes are also available and are used to generate
characters for the 9120A printer.
The codes from the display appear on outputs F20B- F25B of the inter-
face plug.
Character Left Right
Codes in
Display
r208~ _V¥__ .
If signal =1 then
HIB% I"\leB that segment is
F22B blanked for that
F23B;lf\' I‘\ character
F24B F23B

F24 E22 E20 -+ Right




Character | Hoosef | Bren§ | Brmin§
0 0-0000 000100 010000
1 0-0001 011111 110000
2 0-0010 000010 010000
3 0-0011 001010 010000
4 0-0100 011001 010000
5 0-0101 001000 010010
6 0-0110 000000 010010
7 0-0111 011110 010000
8 0-1000 000000 010000
9 0-1001 001000 010000
- 0-1010 011011 011010
a 0-1011 000010 010000
b 0-1100 000001 010010

001101 001111 none

c 0-1110 000011 011010
d 0-1111 000011 010000

+ or blank 1----- 011111 011010

The number of digits in any one register depends on the setting of the
FIXED-FLOAT switch and the decimal wheel. There are 15 charac-
ters in floating point consisting of 12 digits, 2 signs and a decimal
point. The number of characters in fixed point is variable consisting
of one sign one decimal point plus 0 to 10 digits depending on the de-
cimal wheel and the size of the number. The decimal wheel always
determines the number of characters to the right of the decimal point
even though these may be blanked.

For example, the calculator would output 34. 7 in fixed point with de-
cimal wheel set to 4 as 8 characters in the following order:

34.7 = Blank, Blank, Blank, 7, ., 3, Blank
L =y J |

4 Dec. Positions +

while in floating point the same number would yield 15 characters:

34.7 =1, 0, Blank, Blank ~------ Blank, 7, 4, ., 3, Blank
l J [ 222 y J i i
+ 7 Blanks +

The output lines F20B-F25B and the output strobe ITBB have logic
levels described on page152. The one level consists of a 550 ns pulse
rather than a continuous signal and the outputs appear simultaneously
with ITBB. These short pulses cause problems when interconnecting
wires are long, but there are two signals called YCOD and YCHA
which help overcome this problem.
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Use of YCOD
and YCHA

Display Output
When YCHA=
YCOD =1

YCOD and YCHA are used to read codes from the display by causing
the calculator to repeat an output every 1.6 us.

YCOD YCHA

ITBB and Output Behavior

1 1

One ITBB and character code for
each hailf of the characters

Display will stop. ITBB gives
repeated left or right segment
code

Display will stop. ITBB gives
repeated character codes for
each half

For example, if the display reads

0.
1.0
34.17

FLOAT ,:[j] FIXED

after the sync state the first digits will appear as indicated below if
YCOD and YCHA are equal to 1.

Decimal wheel set to 1.

There is some delay between ITBB outputs which is the time required

ITBB

F20B

F21B

F22B

F23B

F24B

F25B

t

b Jda Ll s Lt

3nle 2 »la 2 ie 3

to draw character segments on the CRT.

t, [t ty {t, |t

3-ole 2 le J-ole 2 -wte 3-sie 2—oled o

R

‘2-.

[
¢
]
0
|
0
|
0
[
0
i
0
t
o]
7

RT LT RT LT RT LT RT LT RT LT RT

t T 1 4 4 3 3IBLKBLKO O 1

0 leave sync state th

80us, tZNZOOus left, t,~4125us rt.

3




Note that the decimal point has only one half. To read one code for
every character just take every other code starting with the first.

| 1 | o 13—} —ty—el

188 ob—— UL JUL
Fo0B o —J U LI TULJOL _TOLJUL
Fos o —J U LT UL_JULIUT ”

F228 __JMJUL_JULJLH_IULJLFL_

F238 ff 45 5 JULJDOL.

YCOD o {- - 4 L et
right*it, & left
7 7
'o
t, = L.6us - repetition t,~200 ps left }characler
ty > 10 ps & <t, - strobe tg A125 s right formation

o
YCHA causes the left and right half codes to appear rather than the
character codes. The timing is the same with YCOD replaced by
YCHA. The first ITBB of each string of repeated outputs strobes

the character code. The remaining ITBB signals strobe left or right
half codes.

When a digit output occurs, F40B and F41B tells the register from
which it came by the code:

F40B F41B When in Display Calculator State is
1 1 Waiting in sync state
0 0 X register
1 0 Y register
0 1 Z register

Note that F40B and F41B provide a means of determining when the
calculator has reached the sync state but this indication is only valid
when the calculator is in display, i.e., not performing operations.

Use of YCOD to
Report Char-
acter Code

Register Coding
with F40B and
F41B
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Use of
ICHF

Meaning of
HOUT

Meaning of
HFMT

Effects of
YAFZ
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It is possible to determine when the calculator returns to the display
from any operation or program by monitoring the signal ICHF.

ICHF Meaning
0 Normal value
1 550 ns pulse indicating return to sync state

HOUT is a signal which indicates a PRINT signal either from keyboard
or program. HOUT normally is used to trigger the 9120A Printer but

it could be used to signal some other device if desired, if the printer
is not attached.

HOUT Meaning
0 Normal value
1 550 ns pulse, PRINT operation

HOUT will appear about 20 us before ICHF.

HFMT can be used to signal external devices if HOUT is already being
used. HFMT indicates a FMT signal either from keyboard or program.

HFMT Meaning
0 Normal value
1 550 ns pulse, FMT operation

YAFZ is a signal which allows external modification of the FMT instr-
uction such that each FMT operation must be followed by a2 second key
step. Any key may follow FMT so that 63 different commands are
possible. In order to differentiate between these FMT operations ex-
ternally, an ITBB will follow HFMT to strobe the 6 bit code for the
second key step of the FMT operation on line F20B-F25B.

YAFZ Type of FMT

Single step, always FMT - 0
0 Two step, FMT - Designation




LADV is a 550 ns pulse in display which may be used to ready an exter-
nal device for a new code strobed by ITBB. IADV occurs at least once

about 8us before each ITBB in display and once following the end of the
Z register.

1t is desirable to know when a function is performed from a program,
because the external device must enter a CONTINUE code if the pro-
gram is to continue, IOPF is a 550 ns signal which indicates the
start of any new operation whether from program or from keyboard.
When combined with F41B, IOPF gives the desired information.

IOPF F41B Meaning
0 Normal value
0 1 No meaning
1 0 550 ns pulse Start of keyboard
operation
1 1 550 ns pulse Start of program
operation

Stored program steps may be externally read from the calculator using
a signal called YGNPS in conjunction with some other signals. The
basic idea is to enter the single step operation with the calculator in
program while bypassing the display and use the function of single

step which retrieves program steps from memory. YGNPS causes the
program outputs to repeat.

YGNPS When Entering Program Steps, 9100A
Will Output
0 One ITBB and code for each step entered
or one ITBB and stored code if {(step) is
entered.
1 Repeated ITBB and stored code if (step)
is entered.

YGNPS is used according to timing on the next page. Updating the
program counter is automatic after each strobe period tg.

Use of IOPF to
Detect Pro-
gram Operations

Function of
YGNPS
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Reading Pro-
gram steps
Using YGNPS

Specification
of Print After
Operation

|
[¢]
NDGO and
YRUN © R
I E
NK20 O Y
| R
NK21 © N
! T
NK22 o] 0]
: «— BStep|Code D
NK23 0 l
| S
NK24 o© E
! A
NK25 o] Y
I —
YGNPS ©
I
ITBB © /// fi //// //////M
-'-;2 91t5¢}3a4t4-04 5—vot3-oet4 .4—t5 —
last code
t1 > 2 ps - race avoidance
t2 < 6 ms - initialize and fetch
t3 > 10 ps & <150 ps - strobe
t4 < 250 us - fetch
t5 = as long as desired - read program step
t6 > 300us ~ race avoidance

The key codes are listed on page 153 for all the operations in the 9100A.
1OPF indicates the beginning of each new operation. A string of ITBB
and IADV pulses follow IOPF which may be interpreted to tell when
the key code is on the F20B-F25B outputs, when a PNT operation was
chosen or when the operation is classed as a print after operation.
Print after operation includes a group of functions which would cause
a print of the display if the calculator were to behave as a printing
calculator. On the next page are groups of functions which should and
should not cause a print depending on the RUN-PROGRAM switch.
Using these signals, a printer can be constructed to convert the calcu-
lator to a printing calculator with labels for all operations.




8100A in RUN 9100A in PROGRAM
Print After Digits following YTO All
Operation XTO, YE and all else
except below
No Print CLX EEY None
CLD CHS
0 FMT
GTO
9
_- 8trobe key code
| /
IADV o // I—I >
]
Print After A il
Operation ITBB  © I;Ee or t
more
I
IOPF © -
to enm
code
7tr0be FMT code
S
IADV 0 ; 2
| ]
Format ITBB o r‘-——b t
i
IOPF 0 —
¢ end of
0 code
strobe PNT code
|
IADV ¢ i} rLI_U—I >
I
Print ITBB © l I I—L—-l-t
I
IOPF o -

end:D

code

PULSE
COUNTING
CODES
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IOPF o] >
end :i)
code

Any output occurring after end of code but before a pulse on ICHF is
to be ignored.

The key code for any key included in print after operation group will
be on F20B-F25B simultaneously with the last ITBB pulse before the
1ADV pulses.










